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1 Overview

1.1 Basic Objects

1.1.1 Integer Expressions

Objects: m,n € Ny
Symbols: 0,1,...
Operators:  m +n, m —n, mn, m", m mod n, L%J

1.1.2 Real and Complex Expressions

Objects: c,deC,aeR
Symbols: T, 1, e, Wy
Operators: ¢+ d, cd, c*, sina, cosa, R(c), S(c), for k € Ny

1.1.3 Integer Sets

Objects: M, N C No; |[M|,|N| € Ny
Symbols: 0,1,
Operators: MUN, MNN,k+ N, kN, for k € Ny

1.1.4 Interval Mapping Functions

Objects:  f™*M e Iy, g" N 77N € 1%, j € I
Symbols:  pp, (§)n, x51, (M) N, (m)no N

m— M

Operators: f Dy, f ® g, |:J;n~>M :| 7fM*>N © gm—ﬂ\/f, h?)*)Nv <fm~>M‘gm~>M>k, for k € NO
——

1.1.5 Permutation Generating Functions

Objects: MO €S, CIm, om0 €S, C HHOO,’;

0,m>»

k  pmn n n
ns gm ’ aa,b7 I{a,b

Symbols: Yy Jns %

Operators: 7', 1@ o, 7® 0,70 00", (7"C]|o"O),, for k € Ny

1.1.6 One-dimensional Matrix Generating Functions
Objects: froC o gnoC
Symbols:  o"7C n2C n=C (o) 2C o gn forc€ C, N C 1y,

Operators:  f+g, fg, 5, f &g, f@g, [*Cohm=m, (fr=Cgn=C),, for k € No



1.1.7 >-SPL Formulas

Objects: A, B e Cmxn
Symbols: Omxns Iny Jn, Ly, T Ry - -

Function Operators: diag (f””(c)7 col (f"ﬁc), oW (f"ﬁ(c), circ (f””c), scirc (f””(c),

toepl ("), perm (7"°), mon (7"°, f*~C)
1 1

n— n—
¥-Operators: A+ B, A+... B, > A;, ace Ai,
i=0 i=0
n—1 n—1
SPL-Operators A® B, A® B, A®, B, A®* B, AB, ] A, A,
. . i=0 i=0
[A|B] [ ‘ ] A; {A} [7] A;, blockmat; ; (4; ;)
) v | B | 2l 2,9 )
i=0 i=0

2 Definitions

2.1 Integer Sets

Definition 1 (Integer Interval).
I,={0...,n—1}

Definition 2 (Integer Interval).
Lpn={m...,n—1}

Definition 3 (Integer Interval).
k+{no,...,nm} ={k+no,....,k+nn}
Definition 4 (Integer Interval).
k{ng,...,nm}t = {kno,..., knm}

2.2 General Functions
Notation 2.1. A function

D— R
f’{mm)

fD—)R

is denoted by

Definition 5 (Picture of a Set). The picture of a set
I'cr

f:{I%J

under a functions

i f(i)
is defined as
f(I/) = {f(z)}zel’
Definition 6 (Picture of a Parameterized Function Under a Set of Parameters). For
I—J
fit o, .
i— f;(9)
The picture under a set of parameters P = {po, ..., px} is given by

fp(0) = {£0)} . p



Definition 7 (Concatenation).

g K o T _I_>K .
i g(f(i))
Definition 8 (Pseudo Inversion of Injective Functions). For an injective function f with
I—=J
f:9. N
i f(i)
the pseudo inverse f~! is defined by
f—l . f(I) =1
t— g with f(j) =1
Definition 9 (Binding a Function Parameter to the Variable). For a parameterized function
fi
the parameter is set as the actual argument of the function by
JD—=R
fo 9. s
~~ i fid).

2.3 Interval Mapping Functions
2.3.1 Definitions

Definition 10 (Interval Mapping Function). A function of form
]In — HN
9. :
i f(i)

Notation 2.2. An interval mapping function

. I, — Iy
f'{z‘wf(z‘)

is called interval mapping function.

is denoted by
fn—)N .

Notation 2.3. An unnamed interval mapping function
I, — Iy
i f(i)

n— N:i— f(3).

is denoted by

Definition 11 (Projection Interval Mapping Function). Projection interval mapping functions are given by

. L, =1
L PR



Definition 12 (Basis Interval Mapping Function). Basis-n interval mapping functions are given by

I, =1, ) )
n:{.l ) with 0<j<n.
i

Notation 2.4. If the value of n is clear from the context (e.g., j is the index of a iterative construct, and
0 < j < n), the shortcut
ji=()n with 0<j<n.

is used.

Definition 13 (K/M Basis Interval Mapping Function).

it H1—>]In .
SR N , , 0<j<n
i j+ (t mod 2)((n—1) —2j)

Property 2.1. A
(<Zn‘]n>t(j))n = Xiz’t

Property 2.2. ‘
(wnlgn)e o (f)n = Xz{t
Definition 14 (Z Basis Interval Mapping Function).

. I »I
SRR Sel , 0<j<n
i+— j+k mod n

Property 2.3. _
(zn(4)), = s

Property 2.4. _
Zf; o(j)n = Sﬁik

Definition 15 (Integer Add Interval Mapping Function). Add-m interval mapping functions are given by

, meNy , N>m+n.

I, — Iy
mnﬁN:
( )+ {i»—>i—|—m

Definition 16 (Integer Multiply Interval Mapping Function). Multiply-m interval mapping functions are
given by

I, =1
(m)’;”:{. N , meN | N>m(n—-1)+1
i im

Property 2.5 (Changing the Range of a Interval Mapping Function). For an interval mapping function

fn—)N

the range is extended to M > N by

fn—)M — <O)f—>M ofn—>N-

Definition 17 (Rader Interval Mapping Function).

w

I, —1I
N, { " N , N prime, g generator of Zy.

9 i ¢g* mod N



2.3.2 Operators
Definition 18 (Direct Sum of Interval Mapping Functions).
Hm+n — HM+N

froMg gno N i L0 ifo<i<m
gi—m)+M itm<i<m+n

Definition 19 (Tensor Product of Interval Mapping Functions).

I,, =1
m~>IM® n—N mn IVIN
f g {zHNf(m) + g(i mod n)

Definition 20 (Gamma Product of Interval Mapping Functions).

Lpn — 1
m—M X n—N . mn MN fi d(M,N) =1
! g {z»—)Nf(ULJ) +Mg(i mod n) mod MN or - ged(M, N)

Definition 21 (Stacking of Interval Mapping Functions).

fn0—>N ]Ino-‘rfn — Iy
g(i —ng) ifng <i<mng+mn

Definition 22 (Alternator of Interval Mapping Function).

n—N| n—N . In = Iy
(frflgn= ), {Z — f(i) + (m mod 2)(g(i) — f(3))

2.4 Permutation Generating Functions

Definition 23 (Permutation Generating Function). Permutation generating functions are bijective interval
mapping functions of type

{0,...,n—1} = {0,...,n—1}
m:
i (i)
with the permutation
TES,.

Notation 2.5. A permutation generating function
{0,...,n—1} = {0,...,n—1}
e
i — (i)
is denoted by
nO'
2.4.1 Definitions

Definition 24 (Identity Permutation Generating Function). The identity permutation generating function
is given by

Z .{{0,...,711}%{0,...,711}

11



Definition 25 (Opposite Diagonal Permutation Generating Function). The opposite diagonal permutation

Jn = perm (Jn)

is generated by

t—n—1—1

) '{{O,...,n—l}—){O,...,n—l}

Definition 26 (Cyclic Shift Permutation Generating Function). The cyclic shift permutation
Z,’Z = perm (z,’i)
is generated by

k.
Zy, -

{0,...,n—1} = {0,...,n—1}
i— (i+k) mod n

Definition 27 (Stride Permutation Generating Function). The stride permutation
Ly = perm (€37)

is generated by
{0,....mn—1} - {0,...,mn — 1}
o z,H{(im) mod (mn—1) ifi<mn—1
mn — 1 ifi=mn-1

Property 2.6 (Stride Permutation Generating Function). The stride permutation
L™ = perm (£2™)

is generated by

gmne. {0>,m”—1}—>{0,,mn—1}
™ i [£] +m(i mod n)

Definition 28 (Odd Stride Permutation Generating Function). The odd stride permutation
L7 = perm (£7)
is generated by

for ged(n,r)=1.

Zn.{{0,...,n—1}—>{0,...,n—1}

" liw (ir) mod (n —1)
Definition 29 (V Permutation Generating Function). The permutation

m

an:In@Jn@"'
—_————

m summands

is generated by
anzln@]n@
—_—

m summands

Definition 30 (K Permutation Generating Function). The permutation
Ky =l ®Jn @) Ly"

is generated by
ko™ =00" o (Zn@jn@"').

10



Definition 31 (M Permutation Generating Function). The permutation
My =L (L © Jin @ --)

is generated by
m; " = (zm@]m@~~~) ol

Property 2.7.

- {{07...,mn—1}—>{O7...,mn—1}
i | L] +m(i mod n)+ ((i mod n) mod 2) ((m —1)—2[%])

Definition 32 (Affine Permutation Generating Function). The affine permutation
Az, =perm (aZ,) . (a,m) =1
is generated by

ab . ) , atn.
’ i+ ai+bmod n

. {{0,...,n—1}—>{0,...,n—1}
b

Property 2.8 (Affine Permutation Generating Function). For
aln+1,

the affine permutation
Al = AZ,O , atn

is generated by

(0%

. J{0...,n=1} = {0,...,n -1}
Vi LnﬁlﬁlJ + a(i mod ™)

Definition 33 (Multiplicative Permutation Generating Function). The multiplicative permutation
b = berm (/{Zﬁ) , n prime and a primitive element in Z,,

is generated by

“b )i (ba' mod n) —1

. .{{O,...,n2}%{0,...,n2}

Definition 34 (CRT Permutation Generating Function).

VT’S.{{0,...,rs—1}—>{0,...,Ts—1}

i~ [4] as+ (i mod s)Br mod rs

S

a,p -

Property 2.9 (CRT Permutation Generating Function).
I'"® := perm (Ve’;sp)

with
e, mod s =
e, mod r =
esmod s =
esmod s =

O = = O

Property 2.10 (CRT Permutation Generating Function).

Property 2.11.



2.4.2 Operators

Definition 35 (Inverse of Permutation Generating Function). The inverse of a permutation generating

function
{{O,...7n—1}—>{0,...,n—1}
T

, €S,.
i (i) m

is given by

i withn(j) =1

ﬂ_l'{{O,...,n—l}—){O,...,n—l} .

Definition 36 (Conjugation of Permutation Generating Function).

o 1

T =0omoqo

Definition 37 (Alternator of Permutation Generating Function).

(7"O|o"O) {{0""’n_1} —{0,...,n—1}
™ i (@) 4+ (m mod 2)(o(i) — 7(i))

2.5 Matrix Generating Functions
2.5.1 Definitions
Definition 38 (Scalar Matrix Generating Function). Scalar matrix generating functions are of type
I3 {0,....,n—1}=>C
i )
Notation 2.6. A scalar matrix generating function
Iy {0,....,.n—1} = C
i £

is denoted by
fn—)(C'

Notation 2.7. An unnamed scalar matrix generating function

{0,...,n—1} = C
i [f(i)

is denoted by
n—C:i— f(i).

Definition 39 (Zero Function).

on—C . {0,...n—1} = C
“li—o0

Definition 40 (One Function).

noc  {0,..,n—=1} = C
2 .
1—1

Definition 41 (Alternate Sign Function).

LT {0,...,.n—1} = C
C i (1)

12



Definition 42 (Constant Function).

oy {{0,...,711}%@ Ceec
1+ C

Definition 43 (Delta Function).

{0,...,n—1} = C
R {1 ific N , 0<n , Nc{o,....n—1}
71—

0 else

Definition 44 (Twiddle Generating Function).

] 10,...,mn—1} = C .
tn { (i mod n)| %] , wn= Vi
1= Wmn

2.5.2 Operators

Definition 45 (Sum of Scalar Generating Functions). The sum of the two scalar mapping functions
0,...,n—1} > C 0,...,n—1} = C
g gt and g: 4 0ol
i— f(7) i g(i)
is given by the scalar generating function

0,....n—1} = C
S

i f(i) +g(9)
Definition 46 (Direct Sum of Scalar Generating Functions). The direct sum of the two scalar generating
functions

ceo,m—1 cooyn—1
s {O, ,‘m }—=C and g {0’ ,’n }—C
i f(7) i g(i)

is given by the scalar generation function

J{0,....m+n—-1} = C
o {iH(fGM)(i)

with
10 ifie{0,...,m—1}
gli—m) ifie{m,....n—1}"

(fog)i) = {
Definition 47 (Product of Scalar Generating Functions). The product of the two scalar generating functions

){0,...,n—=1} = C an J{0,...,n—=1} = C
f'{%Hf(i) d g'{i&%g(i)

is given by the scalar generation function

J{0,...,n—1} = C
o { ~ £

13



Definition 48 (Tensor Product of Scalar Generating Functions). The tensor product of the two scalar
generating functions

: {0,...,.m—1}—>(C and g :{O,...,'n—l}—)(C
i f(i) i g(i)

is given by the scalar generation function

{0,...,mn—1} > C

f®g:q, . ; .

(i,§) =~ f (Lﬂ) g(i mod n)

Definition 49 (Alternator of Scalar Generating Function).
<f"_’c|g”_>‘c> : {0,...,n—1} = C
m i f(i) + (m mod 2)(g(i) — f(i))

2.6 Parameterized Matrices

Definition 50 (Standard Basis). Let ef, e}, ..., e”_; denote the vectors in C"*! with a 1 in the component

y Yn—

given by the subscript and 0 elsewhere. The set
B,={e':i=0,1,...,n—1}

is the standard basis of C"*!.

2.6.1 Matrices Parameterized by Interval Mapping Functions
Definition 51 (Gather Matrix). The interval mapping function
s {0,...,n—1} = {0,...,N -1}
i £

generates the gather matrix

n—1 T
anaN = 7:| (@f(1))
i=20
Notation 2.8.
an%N - jS\/',n

Definition 52 (Scatter Matrix). The interval mapping function

sy o N
i f0)

generates the scatter matrix
n—1

S i= [ | ] ey
1=0

Notation 2.9.
N,
anHN == Sf "

Definition 53 (Parameterized Permutation). The permutation generation function

7T_{{(),...,71_1}_>{o,...,n_1}

) . with 7w €8S,
i 7(7)

generates a permutation matrix

perm (77”0) = [7]



2.6.2 Matrices Parameterized by Integers

Property 2.12 (Matrices Generated by Scalar Functions). A scalar matrix generation functions

Iy {0,....,n—1} = C
lie £G)
can generate the matrices
diag(f) , row(f) , and column(f).

Definition 54 (Integer Parameterized Matrices). Integer parameterized matrices are of type

{{O,...,M—l}—ﬂCmX”

i 4@l gy

with the family
{aj,k} 0<i<m

k<n

of scalar matrix generation functions.

Notation 2.10. For integer parameterized matrices the notation
A; = A(i)

is used.

Property 2.13 (Matrices Generated by Integer Parameterized Matrices). Integer parameterized matrices
are used to generate

m—1 m—1 m—1 m—1
> A [TA DA K Ai
1=0 1=0 =0 =0
me1l me1l m—1 m—1
@ kAz @ kAz 7} Az [ ‘ :| A1
=0 =0 i=0 i=0

2.6.3 Monomial Matrices

Definition 55 (Monomial Matrix). A (not necessarily invertible) monomial matrix is given by

mon (7", f"_’(c) = perm (71'"0) diag (f"_“c) , TES,.

2.7 Extensions
2.7.1 Extension Matrices

Definition 56 (Zero Extension).

Zcfo. =S n—n+l4r
n,lr o

Definition 57 (Index Extension).

in
pron

Eild7)1(l~>7z7rr—>n, = G|: 1l~>n :|
Definition 58 (Scaled Index Extension).

sidx . 1—C —C N
B iom 1120) (ryom gy ey = diag (ls e, )G{ Lo 1

Definition 59 (Linear Extension).

C
EVc e =1 In , CieClxn c.ecrn
Cy
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2.7.2 Extension Index Mappings and Scaling Functions
Definition 60 (Constant Left).

Definition 61 (Constant Right).

r—1
eionst,r — [7} (Tl _ l)n
j=0
Definition 62 (Periodic Left).
efer’l = (n— l)lf’”

Definition 63 (Periodic Right).
eger,r _ (O):—%n

Definition 64 (Half-point Symmetric/Antisymmetric Left).

= 07 o

Definition 65 (Half-point Symmetric/Antisymmetric Right).

elrlsym,r — (n _ r):—m gy
Definition 66 (Half-point Antisymmetric Left Scaling).
S?asym,l — _Zlﬁ(c

Definition 67 (Half-point Antisymmetric Right Scaling).

SEasym,r _ _ZT*)(C

Definition 68 (Whole-point Symmetric Left).

6zzvsym,l _ (1)6:)n o

Definition 69 (Whole-point Symmetric Right).

eI = (n— 7 — )57 0,

Definition 70 (Whole-point Antisymmetric Left Index Mapping).

wasym,l __ I—1—n Ji—1
€ = (0)F °© [ (0)1_1 }

Definition 71 (Whole-point Antisymmetric Right Index Mapping).

e:‘vasym»r _ (n s 1)1—1—>n ° |: (T ir;)l 1 :|
_

Definition 72 (Whole-point Antisymmetric Left Scaling).

S;vasym,l _ 7(;]%%((}
0,0—1

Definition 73 (Whole-point Antisymmetric Right Scaling).

wasym,r __ r—C

Sy - T VI,
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3 Function Identities

3.1 Integer Arithmetics
In the following, a, b, 4, j,n € Ng.
Identity 3.1.

Identity 3.2. For 0 <14 < n it holds that

Identity 3.3. For 0 < i < n it holds that

{H;Jj.

Identity 3.4. For 0 < i < n and an < b it holds that

Identity 3.5. For a 4+ b < n it holds that
(a+b) mod n = (a mod n)+ (b mod n).
Identity 3.6. For 0 < i < n it holds that
(jn+1i) mod n =1
Identity 3.7. For any a and b it holds that

(ab) mod (an) = a(b mod n).

{H;J =+ m

an mod n = 0.

Identity 3.8. For any a it holds that

Identity 3.9. For any a it holds that

Identity 3.10. For any a,b, and c it holds that

ai + bj a b
] %4
c c c

Identity 3.11.
| mod k] =i mod k

UCJ mod k = HJ
Identity 3.13. The inverse of the function

f:{{O,...,mn—l}—>{O,...,mn—l}

i~ [£] +m(i mod n)

Identity 3.12.

is
1 J1{0,...,mn—1} = {0,...,mn — 1}
i | L]+ n(i mod m)

17



3.2 Sets of Integers
3.2.1 Empty Set
Identity 3.14.

Identity 3.15.

Identity 3.16.

3.2.2 Intervals
Identity 3.17.

Identity 3.18.
Identity 3.19.
Identity 3.20.
Identity 3.21.
Identity 3.22.
Identity 3.23.
Identity 3.24.
Identity 3.25.
Identity 3.26.

Identity 3.27.

(m5° ® oy Ol @ o), (L) =1,

Mub=M , MCN,
kD=0 , keNy
E+0=10 y ke Ny

Hm’n U Hn’p = Hm’p

()7 (1n) = Lnmen
(k)ﬁ_}N(Hm,n) =ikttt > N+HESN
iNnImpn) =Inn , n<N

(7" & 0") (L) =T,
(79 @ ") (Iin,m4n) = Lnmn
(057 (Ik) =L

7"O(I,) =T,

Zz_k(]lk,n) = HO,n—lf

vVt € Np

<7r6© &) Ug_rohrfo @ U?_To>t Ln) =L, , VteNg

3.3 Interval Mapping Functions

3.3.1 Function Tensors as Integer Expressions

Property 3.1.

(j)m@”n : {

{0,....n—1} = {0,...,mn — 1}
i it

18



Property 3.2. For
£ {0,...,n—1} > {0,...,N — 1}
im £0)
it holds that

. 0,....n—1} —=>{0,...,mN —1
i— jN+ f(3).
Property 3.3.
. 0,...,n—1} = 40,...,mn—1
Zn®(])m:{{ . } { }
1= ) +wm
Property 3.4. For

PR AU VS (RS
i £0)

it holds that
{0,...,n—1} = {0,...,mN — 1}
i j+mf(i).

f®(j)m:{

Property 3.5.
{0,....m—1} = {0,...,kmn — 1}

= rmn+ s+ in

(r)k @ tm @ (8)n : {

Property 3.6.
{0,...,kn—1} = {0,...,kmn — 1}

n @ (7) 1 {i»—)jkz—i—k‘m | £] + (i mod k)

Property 3.7.
. {0,....kn—1} - {0,...,kmn — 1}
n ® m ® gkn . ]
(in ® () w) ol {z — jk+ [ £ ]+ km(i mod n)
Property 3.8.

{0,...,n =1} = {0,..., kmn — 1}

(j mod m)m @1, @ (| £]), : {z = | L]+ kn(j mod m) + ki

with
0<j<km

Property 3.9.

2 {0,...,mn -1} = {0,...,mn — 1}
n D In © {z»—>2—|—(ULJ mod 2) ((n—l)—2(i mod n))

m summands

Property 3.10.

{0,....n—1} = {0,...,mn — 1}

(Zm@jm@"')O(Z”®(j)m) : {Z'—>J+Zm+(l mod 2) ((m—l)—2j)

m summands

Property 3.11. The concatenation of

f= (1006 )oel)) . 0<j<s
—

t summands
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and

= (r®3® )o@ (k),) , 0<k<r
—_————
st summands
is given by
{0,...,t =1}y —={0,...,rst — 1}
CUENIVERS o : : L
i k+jr+irs+r(imod 2) ((s—1) —2j) + ((i +j) mod 2)((r — 1) — 2k).

3.3.2 General Identities
Identity 3.28.
(a®b)®c=a® (b®c)=a®b®c
Identity 3.29.
Identity 3.30.
i @y = lmn
Identity 3.31.
i D1y = Im+n
Identity 3.32.
IN © fn—)N _ fn—>N
Identity 3.33.
fn%N 01, — fn~>N

Identity 3.34.
fn—>N ®1 = fn—>N

Identity 3.35.
1n® fn%N — fn—)N

Identity 3.36.

(fé\]o*}]\lo ® . ® féVkA)Mk) o (ggo%No ® .. ®gl’:,k4)Nk) — (féVg*}Mg og(’r)Lo%N()) ® . ®( é\fka]\/lk Og

Identity 3.37.
(Zm ® fn—>N) o (Zm ®gn—)N> =1, ® (fn—>N ogn—>N)

Identity 3.38.
fmﬁM ®gn—>N _ (fm—)M ®'Ln) ° (Zm ®gn~>N)

Identity 3.39.

Identity 3.40.

an—>N © (j)n = (a(j))N

3.3.3 Pulling in Functions

Identity 3.41.
(fl*)m ® ,rk%N ® glﬁn) o hl*}k _ fl*ﬂn ® (7, o h)l%N ® glan

Identity 3.42.
(f1—>m ® hn—>N) o gl—)n _ f1—>m ® (h o g)l—>N

Identity 3.43.
(hm%M ®g1~>n) o fk*)'rn _ (hO f)k%M ®glan

20
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Pulling in Functions—Special Cases

Identity 3.44.
(Zkﬂn ® (.])n) o ((Z)k ® Z?n) - (Z)k ® im ® (.j)n

Identity 3.45.

Identity 3.46.
(tm @ (§)n) 0 fE7™ = ¥ @ (j)n-

Identity 3.47.
((J)n Y Zm) © fkﬁm =([)n® fkﬁm-

Identity 3.48.
(fl—>m ® 1 ® gl—>n) o hl—)k — fl—)m ® hl—)k ®gl—)n

Identity 3.49.
(f1—>m ®Zn) ogl—>n _ f1—>m ® gl—>n

Identity 3.50.
(Zm ® glﬁn) o fkﬁm —_ fk%m ®gl~>n
3.3.4 Stride Permutation Identities

Identity 3.51.

o ((7)m @ f*77) = f577 @ ()m
Identity 3.52.

G o (f57 @ ()m) = (f)m @ fF77

Stride Permutation Identities—Special Cases

Identity 3.53.

" o (m ®@tn) = 10 @ (§)m
Identity 3.54.

enmn © (Zn Y (j)m) = (.])m @ n

Stride Permutation Stacking Identities

Identity 3.55.
G 0 ((1)km ® 1) = (j mod m)ym, @2, ® (| £]),
Identity 3.56 (Stacking/Splitting).
G+Dk—1
[7] in & (Z)km = ('Ln & (])m & Zk) o gl]zn
i = jk

Identity 3.57 (Stacking/Splitting).

(G+1Dk—1
i=jk
Identity 3.58 (Stacking/Splitting).
G+DE-1
—] (G mod Kk @@ (|£]),, = 1n @ ()

i=jk
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3.3.5 K/M Permutation Identities
Identity 3.59.

(.
m

(Zm SY Im ®-- ) =1, ® <747n‘]7n> LJJ
—_————
[ ———

n summands

Identity 3.60.

(Zn ® TI'an(i))J ) o (Zn ® gl—>m) =1, ® (ﬂ_’(rTL)O o gl—>m)
—

Identity 3.61. _
In & (<Zm|]m>()(]))m =10 Q& Xz‘;l()
—_————

Identity 3.62. For ‘ ‘
£ = gy @O @m0

a,nd
ko,mo+(. kq,mg+(.
g:Zt®Xu%n0 ()®~~.®X1(;nq ©)

it holds that

f og=1uQ® Xﬁ(())»n()‘f‘(-) R...® XZZI;”(I"F(-) ®X.g(évnq+kq+7"0+(-) ®R...Q sttvnq"rkq'i‘?nr‘f‘(-)

K/K Permutation Derived Identities

Identity 3.63.
m,," O((])m @ ln) = (Zm DIm D - ) ° (Zn ® (j)m)
n summands
Identity 3.64.
3" o(i)m @ £57) = ((1m @ ©-2) © (10 @ ()m) ) 0 £
n summands

Identity 3.65. |
(10 @ @) 0 (10 ® () = 10 @)
—— —— N

n summands

Identity 3.66.

(Zst ® x5:0) ) o (Zt ® x:() ) = 1 @ x50 @ xFI+()
N——— N——

Identity 3.67.

(Zsm ® x() ) o (thu ® xdmH) ) = ftotu @ xImt() g xhdtm+()
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3.3.6 Gamma Product
Identity 3.68.

(fm—>M |Z|gn—>N) o (rm’—wn ® Sn/—>n) _ (fm—>M o Tm'—wm) % <gn—>N o Sn’—>n)

Identity 3.69. 4
10w R (j), = 20V o (1 @ (), )

Identity 3.70. '
(1), B =25 015 @ (),

Identity 3.71.
’ k+j ’
(17 0 (5),) = (sh o om) o (k0 ),)

Identity 3.72. B _ _ _ _
"o (60 RE) =10, ¥,
Identity 3.73.

-mn

Gl o (SR = (60 f) B (B og)

Identity 3.74.

0ol =7,
Identity 3.75.
il N N
£, o wzz = w:f:g

Identity 3.76.

Identity 3.77.

3.4 Permutation Generating Functions
3.4.1 Inverting Permutations
Identity 3.78.
-1
tn = (in)
Identity 3.79.
-1
In = (]n)
Identity 3.80.
= ()
Identity 3.81.
kmn — (mmn )*1
m n
Identity 3.82.
mzn — (k:{m )*1

Identity 3.83. For two permutation generating functions
TesS,, and weES,

it holds that

1 1

(row) ™ =rteow
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Identity 3.84. For two permutation generating functions
TesS,, and weSsS,

it holds that

(mow) ' =w tor™h

Identity 3.85. For two permutation generating functions
TesS,, and weES,

it holds that

(row) ' =rtow !

3.4.2 Dot and Alternator Identities for Permutations

Identity 3.86.
(mlm), =

Identity 3.87.

(rlo), = (n Yo ™),

Identity 3.88.
(moloo), o (mi]o1), = (mo o mi]og 0 1),

Identity 3.89.
(moloo), ® (milo1), = (mo © m1]o0 © 01),

Identity 3.90.
(moloo), ® (milor), = (mo ® T1]o0 ® 01),

Identity 3.91.

(rlo), o (r|w), = {({moTlooT),|(mow|oow), >t

Identity 3.92.
(tlo)s o (rlw), = ({ToTlmow), [{coTloow),),

Identity 3.93.
(0]7)y 0 (W]K) gnoy = (0 ow|rok), iff w(i)=imod 2 Viel,

Identity 3.94.
(o]7)s 0 (W[K) gnoyy = (0o klTow), iff m(i)=i+1mod 2 Viel,
Identity 3.95.
(o]7), o (W|K) oy = (Tow|o 0 k) no(yy T 7(0) =i+1mod 2 Viel,

Property 3.12. For
m"° € {Zikvlna]2k+1}
it holds that
m(i)=imod 2 Viel,
Property 3.13. For
= {Z?LkJrl,ij}

it holds that
m(1)=i+1mod 2 Viel,
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Identity 3.96.

Identity 3.97.

Identity 3.98.

Identity 3.99.

Identity 3.100.

tm ® T[L(?T)J
m X ~ _.m nQ —1\nO
(" © ) i ST )
3.4.3 Stride Permutation
Identity 3.101.
£ ol =17,
Identity 3.102.
o =0
Identity 3.103.
' =1m
Identity 3.104.
("nn ijn — g?nn
Identity 3.105.
Jmn 0 " = £"

Identity 3.106.
(ﬂ'mo ® U"o)lmn =" @ ™

3.4.4 Cyclic Shift Identities
Identity 3.107.

Identity 3.108.

A Z?n
Identity 3.109.
0
Zm = tm
Identity 3.110.
Z,lfL z) = zﬁ+m
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3.4.5 Derived Cyclic Shift Identities
Identity 3.111.

Zn@ﬂ-"o@...
N——

2k 2k
(Zm, ®Zn) m summands = 72¥ @,

Identity 3.112.
Zn@ﬂ—”o@...
——

2k+1 _ L 2k+1 n—n
(Zm ®Zn) m summands = 72K

3.4.6 Permutations and Add Function

Identity 3.113.
(ﬂ,mO D O.nO) o (m)1—>m+n — o(m)1—>m+n ° O,no

Identity 3.114.
k k—m _ (O)k%m

Zmo(m - k)+ +

3.5 Matrix Generating Functions
3.5.1 Constant Functions
Identity 3.115.

Identity 3.116.
Identity 3.117.
Identity 3.118.

Identity 3.119.

( )m—)(C ® ( )n—>(C _ ( 2)'mn—)(C , ceC
Identity 3.120.
(C)m—>C @ (c>n—><C _ (c)m+n—><C , cc C
Identity 3.121.
a7 @ d" 7 = et + doT . e deC

3.5.2 Delta Function
Identity 3.122.

5 — On—>C
Identity 3.123.
ﬁz _ Zn—>C

Identity 3.124.
617& ® 617{/ = 611’\,14-57(177z+N)

Identity 3.125.
5;\/71[ 5]7\7}/ = (smﬂM’

Identity 3.126.
o o f"7N =8 ansa)
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Identity 3.127.
B o™ = By
Identity 3.128.

(Sﬁ ® On—><C — 5]1\714—#—71

Identity 3.129.

n—C m __ sm4n
o ®5M = 5(n)r—>m+n(M)

Identity 3.130.

On1 @ 6N = O(( M) @am) (N)
Identity 3.131.

51 @ ON = O (W) (M)

Identity 3.132.

(6%@65{,) o (zm®ﬂ'”gJ ) =0 ® (517{7071'”%J)

n n

Delta Function—Derived Identities

Identity 3.133.
& o (i @ op OO @ oP ), =67, VteN,

Identity 3.134.
o o(mP @y OO @ o), =01, VteN

Identity 3.135.
(637 @ 61" ) o (1 ® (TP @)@ - ) =6 @0

Identity 3.136.
(h @ Jo(m@ @@ ") @) =85 @6

Identity 3.137.
zm—ﬂc ® 5?\[ = 6z?ﬁL)7,L®ZTL)(N)

Identity 3.138.
m n—C _ smn
6M ® 7 - 6(lm®(HvL)n)(M)

Identity 3.139.

m r o __ m
6Hk,n 0%y, = 5]Ik7'r',n7'r' , k=r
Identity 3.140.
m T __ m
5]Ik,n °© Zm = 6Hk+7n77‘.n+7n—r ’ r Z n

Identity 3.141.

o, o (m T @a ) =op

Identity 3.142.

3.5.3 Twiddle Function
Identity 3.143.

Identity 3.144.

mn __ imn mn
" =t " ol
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4 Matrix Identities

4.1 Formula Constructs and Sum Notation

Identity 4.1 (Direct Sum of Rotations).

k—1
@Rai = diag (k —-C:i— eiai)
j=0

Identity 4.2 (Iterative Direct Sum).

>
—

k—
Aj = Sj®lm Aj Gj®1n with Aj e cmxn
7=0

[y

I
<

J
Identity 4.3 (Iterative Row Overlapped Direct Sum).
k—1 k-1

Ay = ST A GUSTRE with Ay € €

Ea
|
-
R‘
,_.

TA; = s§gﬂjjk+’“mA GTE™  with A; € C™Xm

<
Il

=)
<
Il

=)

Identity 4.5 (Parallel Tensor Product).

k—1
I, A=Y Sjg,, AGjg,, with AeCm™"
§=0
Identity 4.6 (Row Overlapped Tensor Product).

k—1

L@, A = Sjg, A G,

Jj=0

)n—>(77 e with A€ cmxn

((n=r)j

Identity 4.7 (Column Overlapped Tensor Product).

k—1
I, @ A= Z) S ((moryyyp—m-rier AGjgr,  with A€ C™"
iz

Identity 4.8 (Vector Tensor Product).

k—1
A®L, =Y S,,0jAG,0; with AeC™"
j=0

Identity 4.9 (Horizontal Stack of Matrices).

S—1 S_1
[ ‘ } Aj:ZSlm A;Gjg,, with A; e C™™
j=0 j=0

Identity 4.10 (Vertical Stack of Matrices).

-1 R-1

] 4

j=0 Jj=0

SJ@’Lm A G with Aj e Cmxn
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Identity 4.11 (Matrix of Matrices).

Ao T Ao,s-1 R—-1S-1
: =3 Sigi, Ajk Grg, With Aj, € C™"
Ap_10 -+ Ar_15-1 J=0 k=0

Identity 4.12 (Product of Scatter and Gather).
n—1
Swn—>N G,,m,—>N == Z S’w”_’NO(j)n GT"_’NO(j)n
7=0
Identity 4.13 (Product of Scatter and Gather).

m—1 n—1 m-1
S, (Z Gr;z:w> = <Swnwo<j>n > Grﬁ”omn)

j=0 k=0

4.2 Gather and Scatter Identities
4.2.1 Gather and Scatter
Identity 4.14 (Trivial Gather Matrix).

Identity 4.15 (Trivial Scatter Matrix).

Identity 4.16 (Gather Transposition).
(Gpoon) " =S pnon
Identity 4.17 (Scatter Transposition).
(Spon)| =G paon
Identity 4.18 (Gather/Scatter Identity).
Gnon Spnon =1,
Identity 4.19 (Scatter/Gather Identity).
Spnon Gpuosn = diag (6pnsn)
Identity 4.20 (Gather Multiplicativity).
Gonony Gpnvion = Gogynon
Identity 4.21 (Scatter Multiplicativity).
SyN1=N Synony = S(yowyn—N

Identity 4.22 (Gather/Scatter Multiplicativity).

GynosN Synon = perm ((u}_l o r)nﬁn) for r({0,...,n—1}) =w({0,...,n—1})
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Identity 4.23 (Gather/Scatter Multiplicativity). For
. {0,...,m}—={0,...,M —1}
i (i),
r injective, 0 < j < M, and 0 < k < m it holds that

if j =r(k)

S(k)m@tn
GT‘m*)M®7/n S(j)M@m = {Ov(nr)bxnz else

Identity 4.24 (Gather/Scatter Multiplicativity). For
w - {0,....,m} —>{0,...,M —1}
i w(i),
w injective, 0 < 7 < M, and 0 < k < m it holds that

G(J')M®Zn SwmaM@ln = {(()i(i?fln ;flsje: w(k)
Identity 4.25 (Gather Tensor).

Grm—at @ Genon = G ggymnonn
Identity 4.26 (Scatter Tensor).

Srm—m @ Sgnsn = S, g gymn—nn
Identity 4.27 (Gather/Scatter Tensor).

(Swm—nt Gpmosat ) ® Gynosn = Sy, ymn—stin Gpggymn—mn

Identity 4.28 (Gather Stacking).

G nqp—+N
— | = G qritnaon
|: Gsn,2—>N :| [5] *

Identity 4.29 (Scatter Stacking).

[ SvnlaN ‘ SwnzaN ] - S[,,]n1+n2~>N
w

4.2.2 Gather/Scatter and Permutations
Identity 4.30 (Permutation as Gather Matrix).
G, ~o = perm (ﬂ'NO)
Identity 4.31 (Permutation as Scatter Matrix).
S,no = perm ((W_I)NQ)

Identity 4.32 (Gather/Permutation Multiplicativity).

G,n—>n~ perm (TFNO) = G(roryn—>n
Identity 4.33 (Permutation/Gather Multiplicativity).

perm (W"o) Gynsn = Grromynsn
Identity 4.34 (Scatter/Permutation Multiplicativity).

Syn—nN perm (W”o) = S(wor—1)n—N
Identity 4.35 (Permutation/Scatter Multiplicativity).

perm (WNO) Syn—N = S(r-1ow)n—>N
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4.2.3 Gather/Scatter and Diagonals
Identity 4.36 (Commuting Gather with Diagonals).

G,n-n~ diag (fN_’C) = diag ((f o r)”_“c) Gpnon
Identity 4.37 (Commuting Scatter with Diagonals).

diag (fV7C) Synon = Syn-n diag ((f o w)"~C)

4.2.4 Iteration Reordering
Identity 4.38 (General Case).

m—1 m
> S, AjGr, =Y Su o Ae) Grogy » TESm

Identity 4.39 (Scatter Carried Reordering).

m—1 m—1
) Sro(i)m)@n, A5G =Y S(hy@0, Ari) Gy Mgy 0 TESm
j=0 k=0
Identity 4.40 (Gather Carried Reordering).
m—1 m—1
Z S A G (mo(§)m)®tn — Z Sw = 1(k) ﬂil(k) G(k)m@”n ? Te Sm
§=0 k=0
4.2.5 Gather/Scatter and Inplace Computation
Identity 4.41.
m—1 m—1
SleﬁN Z Sf‘;L*)Nl A] ijnaNl = Z S(wofj)""N A] G(wofj)7L~>N SleaN
; =
Identity 4.42.
m—1 m—1
D Spromi Aj Gprom | Gomvion = Gomaon | D S(rogynon Aj Grog, oo
Jj=0 j=0
4.2.6 Gather/Scatter and Sums of Monomials
Identity 4.43 (Gather and Sum of Monomials).
m—1 m—1
Gnon Z mon (Tr]NO, ]“’f\lﬁ(C (dlag jomj o 7’)”%@) G(ﬂjm.)yHN)
3=0 §=0

Identity 4.44 (Scatter and Sum of Monomials).

m—1 m—1
Z mon (7‘(‘;-\,0, 7)Y | Synosn = Z (S(Wlow)n—uv diag ((f; o w)"_”c)>

Jj=0 J=0
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4.2.7 Sum-Accumulate to Standard Sum

Identity 4.45.

GrnaN + S(k)i—m—kﬂn GS'rL—7rL—k4>N S(O)’j_"" GT""’NO(O)ﬁ_‘”L +

S(k)i—m—k%n (GT"'I_)NO(k)iikim*}n +Gsn—k—m~>N )+

S(n—m)T_’" GTTLHN o(nfm)f"fﬂ"

4.3 Complex to Real
Identity 4.46 (Complex Number).

a—|—ib:[a b] , a,beR
b a
Identity 4.47 (Complex Matrix).

[ci.s] 0<i<m = [ci7] osiem 5 G €C

Identity 4.48 (Diagonal Matrix).
diag (f»~C) = diag (?R(f”%(c) ® zZﬁC) -+ mon (zn ® J2, %(f"ﬁc) ® (:l:Z)2*>(C)

Identity 4.49 (Product of Matrices).

AB=AB
Identity 4.50 (Matrix Transposition).
AT=4"
Identity 4.51 (Sum of Matrices).
n—1 n—1
A=
=0 =0
Identity 4.52 (Parallel Tensor Product).
[,eA=1,®A4

Identity 4.53 (Vector Tensor Product).
Aka®In: (Im®Lin>(Akxm®In)(1k®Lgn) , Akxm Eckxm

Identity 4.54 (Direct Sum of Matrices).

Identity 4.55 (Real Matrix). B
A=A®L , AeR™"

Identity 4.56 (Permutation Matrix).

perm(w) = perm(m ®12) , TES,
Identity 4.57 (Gather Matrix). B
Gy = Grga,
Identity 4.58 (Scatter Matrix). B
Sw = Sw®22

32



4.4 Tensor Product Identities

Identity 4.59 (Tensor of Sums).
m—1 n—1 m—1n—1
Sa)e (L) -STaen
=0 k=0 3=0 k=0

Identity 4.60 (Tensor of Products).

n—1 n—1 n—1
M4 e (1]B)=]]4 @5
j=0 j=0 Jj=0

Identity 4.61.
AR (B+C)=A®B+A®C

Identity 4.62.
(A+B)aC=(AC)+ (B®0pxn) , for CeC™*"

Identity 4.63.
(In—l ®Am) 5] Om - (In ®Am)(1(n—1)m S Om)

Identity 4.64.
(AB)Y = A" B” | P = perm(n)

Identity 4.65.
(A+ B =AP + B | P =perm(n)

Identity 4.66.
ATXS & Omxn = Omrxns

Identity 4.67.

Omxn ®ATXS = Omrxns
4.4.1 Rules for Conditional Matrices
Definition 74 (Conditional Matrix).

A ifec

Cond(c, A, B) = {B |
else

Identity 4.68.
A+ Cond(e, B,C) = Cond(c, A+ B,A+C)

Identity 4.69.
Cond(c, A, B) + C = Cond(¢, A+ C,B+ ()

Identity 4.70.
A Cond(c, B,C') = Cond(c, AB,AC)

Identity 4.71.
Cond(c, A, B) C = Cond(c, AC, BC)

Identity 4.72.
A ® Cond(c, B,C) = Cond(¢, A® B,A® C)

Identity 4.73.
Cond(c, A, B) ® C' = Cond(c, A® C,B® ()
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4.5 Identities for Generated Matrices
4.5.1 Diagonal Matrix Identities
Identity 4.74.
diag (cz”_“c) = c diag (z"_”c)
4.5.2 Matrices as Monomials
Identity 4.75 (Zero Matrix as Monomial).
0, = mon (1, (0)" %)
Identity 4.76 (Identity Matrix as Monomial).
I, = mon (zn, (1)”HC)
Identity 4.77 (Diagonal as Monomial).
diag (f”ﬁ(c) = mon (zn, f"ﬁc)
Identity 4.78 (Permutation as Monomial).
TLO) nO’ 0n—>C )

perm (’/T = mon (’R’

4.5.3 Matrix Operations on Generated Matrices

Identity 4.79 (Product of Permutations).

ﬂ_no

perm ( ) perm (U”O) = perm ((a o w)"o)

Identity 4.80 (Product of Diagonals).
diag (f"~) diag (¢" ) = diag ((f9)" %)
Identity 4.81 (Product of Monomials).

mon (ﬂ'"o, f”ﬁc) mon (U”O,gnﬁc) =mon (com, (foo !)g)
Identity 4.82 (Tensor Product of Permutations).
perm (wmo) ® perm (0”0) = perm ((7r ® O')mno)

Identity 4.83 (Tensor Product of Diagonals).
dlag (fm—>(C) ® dlag (g7L—>(C) _ dlag ((f ® g)7nn—>(C)
Identity 4.84 (Tensor Product of Monomials).
mon (7", f"7%) @ mon (¢"°, ¢" %) = mon (r ® 7, f ® g)
Identity 4.85 (Conjugation of Diagonals).
erm (70 . _1\n
diag (f"C)" (=) :dlag<(fo7r ) —><c)
Identity 4.86 (Conjugation of Permutations).
rm (™€
perm (W"O)pe ( ) = perm ((77”)"0)
Identity 4.87 (Conjugation of Monomial).
erm (o"© n
mon (7", f"ﬁc)p G = mon ((Wg)no, (foo™) _ﬂc)
Identity 4.88 (Commuting Diagonal and Permutation).

i (777 perm () = pesm (") ding (/7))
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4.5.4 Special Identities
Identity 4.89 (Maintaining Tensor Structure).

mon (zm Q 7", fm"_’c) @ 0,., = mon (zmﬂ @ a0, frn=C g (O)T"_’C)
Identity 4.90 (Maintaining Tensor Structure).

0,., © mon (zm Q ", fmn%c) = mon (zr+m Q ", (O)T”H(C D fmn%c)
Identity 4.91 (Maintaining Tensor Structure).

mon (zm a0 "t g f”_’c) @ 0,, = mon (zm_H Qa"O, 5]111-14 ® f"_“c)

Identity 4.92 (Maintaining Tensor Structure).

nQ® ,m—C ® fn—)(C)

0,, G mon (zm Q7" no gmir ® fn_)c)

= mon (2 s , .
( m—+r ® ) (T)Iﬂnd»v (Hm)

4.5.5 Delta-Diagonals and Gathers
Identity 4.93.

diag (f"7C @ g"7C) Grmorr gguon = (diag (f™7C) Gt ) ® (diag (9" 7C) Gyuow )

Identity 4.94.
dlag (6]’1’:77‘) = S(k):»fkﬂvn G(k)ifkﬂrn

Identity 4.95.
diag (5{272) Gy = S(k)r;ﬁm G((kdﬂ) mod m)n koM forr<m-—-norr>m-—%k
Identity 4.96.
diag (6% o (j)) Gy, = Cond (j €N, G(j)n,olxn)
Identity 4.97.
diag (67 _, © (j)n) G (rn—r0gak0)o(j), = Cond (j el,_x, G(O)T;Hnoﬂn,koo(j)nik,len)
Identity 4.98.

diag (3, , © (j)n) G(rrogon-k0)o(j), = Cond (j € Loy G(k)tl—’woan—kooufmn_k’OM”)

4.5.6 Delta-Diagonals and Scatter
Identity 4.99.

Syt g diag (f7C ® g"C) = (SUWHM diag ( fm%)) ® (swnw diag (g”%))

Identity 4.100.
Szfn dlag (6]}:1—k) = S(k)iz—k%m G(O)T—kﬁm

Identity 4.101.
Sszk diag (51{’:7”) = S(O)Zz,fk%m, G(k})ZL—kam

Identity 4.102.
Sy, diag (6% © (j)n) = Cond (j € N,S(;),, 01 )
Identity 4.103.

S(Trn—kO@O-kO)o(j)n diag (5ﬁik o (])n) = Cond (] el,_&, S(O)i_k_’"ow"*’“‘oo(j)n,wO”X1 )
Identity 4.104.

S(rr0@on—k0)o(5),, diag (5ﬁ,n ©(j)n) = Cond (j € Thn, S(k)iik*}noo‘"_koO(j—k)vL—k7OnXl)
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4.5.7 Matrix Structure
Property 4.1 (Cyclic Shift).

ko L
=y, "]

Ufm = ZfL (kak @In—k)

Definition 75 (Upper Diagonal Matrix).

Property 4.2 (Upper Diagonal Matrix).

Property 4.3 (Lower Diagonal Matrix).

Hfl = mon (zﬁ_k, (5{;%)

Definition 77 (S Matrix).

Sp=1,+U!
Property 4.4 (S Matrix).
1 1
1 1
Sp = ) SneCnXTL
1 1
1
Property 4.5 (Transposed S Matrix).
S, =1L, +H),

Property 4.6.
Jn—1®01x1 = mon (Z:L OJn, 561,,..,7172)

Property 4.7.

01x1 ® Jp—1 =mon (g, o z, 5?,...@71)

5 Cooley-Tukey Algorithms

5.1 Discrete Fourier Transform
Theorem 5.1 (DFT DIT Recursion).

DF Ty, = (DFT, @1, ) TR (I, @ DET,, ) L™
Theorem 5.2 (DFT DIF Recursion).

DFTp, = L" (L,, @ DFT,, ) T (DFT,, ® 1)
Theorem 5.3 (2D DFT DIT Vector Radix Recursion).

I, ®LI" @1, (

DFTynxrs = (DFTyxr @ Ly ) Im®L:§”®IS(

" T.? ) ( I @ DFT, s ) L @L® )
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5.2 Discrete Trigonometric Transforms

Definition 78 (Zeros Recursion).

R—R
it = L_fnL%J imod 2=0
T i
2rt2lil imod 2=1
Theorem 5.4 (U-Basis DIF Recursion for DTT).
DTTmn Kmn (@ DTT )) (DST 3 ( ) ® I” )Bagrl;n/U
Theorem 5.5 (U-Basis DIF Recursion for DTT).
m—1
DT (1) = K" (EB DTT, (1] <r>)> (DST5,,(r) @1, ) BEZL/Y
=0
Theorem 5.6 (U-Basis DIT Recursion for DTT).
m—1
DTy (r) = BL,PIT /U (DST Dom (r ) (EB DTT, (17" )) M
Theorem 5.7 (U-Basis DIT Recursion for DTT).
DT Ty (r) = BL,DIT/U (DST 2m ®In) (@ DTT, )) M
Theorem 5.8 (T-Basis DIF Recursion for DTT).
m—1
DTT n(r) = K7 (EB DTT, (r;”(r))> (DCT-Sm(r) ®I, )B,EZ?,{T
=0
Theorem 5.9 (T-Basis DIF Recursion for DTT).
m—1
DT, () = K™ (@ DTTn(r;”(r))> (DCT-Sm( )@ 1, )B}ﬁ%T
=0
Theorem 5.10 (T-Basis DIT Recursion for DTT).
DT, (1) = B,T”PELT/T(DCT 2 ) <€B DTT, )) M
Theorem 5.11 (T-Basis DIT Recursion for DTT).
DTT,(r) = B,PET/ T(DCT-2 ) (@ DTT, )) M7

Theorem 5.12 (T-Basis DIT Recursion for iDTT).

m—1
iDTT (1) = Cpr 2T/ T( iDCT-3,,(r) ® In> (@ iDTT, (r;"(r))) M7

=0
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5.3 DIF Rules for DTTs
5.3.1 DST-3, U-Basis
Definition 79 (Base Change DST-3, U-Basis).

L:Lnn ((In—l @Il) @ (Jn—l @Il) D -- )
BDST -3/U = ( (In—l & Sm) D Im ) m summands

mn,m

Property 5.1 (Base Change DST-3, U-Basis).

In—l Jn—l

DST-3/U __
an,m -

In—l Jn—l

Property 5.2 (Base Change DST-3, U-Basis).
BIST3/U = Ly + U, @(J5—1 @ 011)

mn,m

Property 5.3 (Base Change DST-3, U-Basis).

BPST-3/U — (iag (zmnﬁc) + mon (2, ®(Jn—1 B 11), o, ® o))

mn,m

Theorem 5.13 (Base Case DST-3).

DST-35(r) = F, diag (sin 2T, sinrm)

DST-35(r) = F; diag(1,2cosF)

Theorem 5.14 (Recursion DST-3).

DST-3,, — DST-3,(1/2)
m—1 p

DST 3pp(r) = K™ ( D DST-3n(rgn(r))) (DST—Sm(r) ®1n)BB§LT,;3/U
=0

_ m—1______

DST 3pp(r) = K™ ( ) DST-3n(rgn(r))) (DST—Sm(r) ®1n)BB§L,T7;F/U
=0

5.3.2 DCT-3, U-Basis
Definition 80 (Base Change DCT-3, U-Basis).

L (L @l) @ (LD Jpr) @

ng%fﬂ] — (% (2 L®Ln1— Uzn ) D (In—l QS )) m summands
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Property 5.4 (Base Change DCT-3, U-Basis).

In—l Jn—l

[N

RBDCT-3/U _

mn,m

N[ =

In—l Jn—l

N|—

(SIS

Property 5.5 (Base Change DCT-3, U-Basis).
BtV = L@ (Lno1 ©(5 ©1o-1)) + Up, ©(01x1 © 1) = Up, (5 B On1xn1)
Property 5.6 (Base Change DCT-3, U-Basis).
B = diag (0 @ 0) + 5 (0 0 07) + (o @ o))+

+mon ( z}, ®(1; ® Jn—1),01, @ 5{1‘”)—1—

+mon (22, R, —3 (6]};1)7”’ ® (5]}‘1))
Theorem 5.15 (Base Case DCT-3).

DCT-35(r) = Fy diag(1,cosrm)

Theorem 5.16 (Recursion DCT-3).

DCT-3,, = DCT-3,(1/2)
m—1 E
DCT-3n(r) = K™ ( o) DCT-3n(rgn(r))) (DST-Sm(r) ®In)BELS,T,,;5/U
=0

5.3.3 DST-4, U-Basis
Definition 81 (Base Change DST-4, U-Basis).

,2J,® -
—_——
BELETW—LAL/U _ (Sm ®1, ) m summands
Property 5.7 (Base Change DST-4, U-Basis).
L, Jn
L, Jn
BDST-4/U _
L, Jn
I,

Property 5.8 (Base Change DST-4, U-Basis).

BPST-4/U _ 1 +UL ©1J,

mn,m
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Property 5.9 (Base Change DST-4, U-Basis).
BDST—4/U _ dlag (Zmn%(C) + mon (Z}n ®7n, 5]{?,,, ® Zn%(C)

mn,m

Theorem 5.17 (Base Case DST-4).

DST -45(r) = diag (sin o, cos %) Fy [ (1) 2(:015 T }
2

Theorem 5.18 (Recursion DST-4).

DST-4,, — DST-4,(1/2)
m—1

DST Apn(r) = K;ﬂ“( DST_4n(r;n(r))) (DST-?,m(r)@In)BBi,TW;“/U
1=0

5.3.4 DCT-4, U-Basis
Definition 82 (Base Change DCT-4, U-Basis).

L,®J,® -
—_———

322%4/U — ((Im — U:n) ® In ) m summands

Property 5.10 (Base Change DCT-4, U-Basis).
I, —Jn
In - Jn
RBDCT-4/U _
I, —Ju
I,

Property 5.11 (Base Change DCT-4, U-Basis).
BDCT—4/U =1 _Ul ®J

mn,m

Property 5.12 (Base Change DCT-4, U-Basis).

BDCT—4/U _ dlag (,Lmn—ﬂC) + mon <Z71n ®Jn75]11711m ® ( _ ,Ln—>(C>)

mn,m

Theorem 5.19 (Base Case DCT-4).

DCT -45(r) = diag (cos “F, sin 2T ) F, [ (1) 9 cos1% ]
Theorem 5.20 (Recursion DCT-4).
DCT -4, — DCT-4,(1/2)
DCT -4y, (r) = K" <7flol DCT-4n(r;"(r))> (mm(r) ®In)BBS?;;4/ v

5.3.5 DCT-3, T-Basis
Definition 83 (Base Change Transposed iDCT-3, T-Basis).

L?Tn ((Il @Infl) S¥) (Il @Jnfl) b )
CobCTT = (1@ (L1 ©8],) ) ——

mn,m
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Property 5.13 (Base Change Transposed iDCT-3, T-Basis).

—-T,DCT-3/T _
Cmn,m -

In—l

Property 5.14 (Base Change Transposed iDCT-3, T-Basis).

C—-T.DCT-3/T _ Ln —‘,—H:n ®(01><1 @Jnfl)

mn,m

Property 5.15 (Base Change Transposed iDCT-3, T-Basis).

CTDOT3/T _ giag (;7m=C) 4 mon (2™

mn,m

Theorem 5.21 (Recursion DCT-3).
DCT-3, =
iDCT -3, (r)" =

iDCT-3,(1/2)"

—1

5.3.6 DCT-3, T-Basis, Radix-2
Definition 84 (Base Change DCT-3, T-Basis, Radix-2).

o " = (L@ (Taor @ (1~ U})

Property 5.16 (Base Change DCT-3, T-Basis, Radix-2).

(PCT-3/T

K™ ( @ iDCT-3, (v (r) "
1=0

! ®(Zl @ ]n_l)’ 6]17::;71 ® 6ﬁ,n)

) (iDCT.gm(r)T @1, ) Crm i CT-3/T

)Li" (Lol @J,—1))

2n,2 = I2n_Ué ®(01 B Jn-1)
Definition 85 (Base Change Diagonal DCT-3, T-Basis, Radix-2).

EDCT-3/T.r

2 =1, ®(cosrm diag (I; ®21,-1))

Property 5.17 (Base Change DCT-3, T-Basis, Radix-2).

I

pDCT-3/Tr _ L1

2n,2 -

Property 5.18 (Base Change DCT-3, T-Basis, Radix-2).

BDCT-3/Tr

on,2 = diag ((5]121 ® 1" 7C) + cosrm (

52

I1,2

- Jnfl

cosrmly

2cosrml,_1

® 5{1) + 2cosrm (5]121,2 ® 5{1%))

+ mon (Z% ®(Zl D j"_1)7 _61121,2 ® 6ﬁ,n)

Theorem 5.22 (Recursion DCT-3).

1
DCT -85, (r) = K2* (D DCT-3,(12(r)) (F2 1 ) By /™"

=0
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5.4 DIT Rules for DTTs
5.4.1 DST-2, U-Basis
Definition 86 (Base Change DST-2, U-Basis).

Lzln ((In—l @Il) SY (Jn—l @Il) D - )
BPST2/U _ ( (In_1 ® S;) L) > sumaands

mn,m

Property 5.19 (Base Change DST-2, U-Basis).

Infl
1
Jnfl Infl
1
- Jn-1 L, 1
BT = o
1
Jnfl Infl
L 1 -
Property 5.20 (Base Change DST-2, U-Basis).
BOST2/U = Ly + HY, @(Jn—1 @ 01x1)
Property 5.21 (Base Change DST-2, U-Basis).
B;D@i?‘n—f/U — dlag (Zmn—>C) -+ mon (Z?nl_l ®(jn_1 [ Zl)7 (%g,m—l ® 5]?0”271)
Theorem 5.23 (Base Case DST-2).
DST-2,(r) = diag (sin %, sinrm) Fy
DST-25(r) = diag(1,2cos ) Fp
Theorem 5.24 (Recursion DST-2).
DST-2,, — DST-2,(1/2)
m—1
DST 2n(r) = BESEHU (DST-Qm(r) ® In) ( D DST-zn(rgn(r))> M7
i=0
_ _ m—1_____
DST 2pn(r) = BoSEHU (DST-Qm(r) ® In) ( D DST-zn(rgn(r))> M7
i=0

5.4.2 DCT-2, U-Basis
Definition 87 (Base Change DCT-2, U-Basis).

Lzln ((Il EBIvz—l) ® (Il @Jn—l) @ -- )
BRIV = (%(2 L &L, —H2) @ (I, ®s;)) ——
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Property 5.22 (Base Change DCT-2, U-Basis).

N|=

N[
o=

RBDCT-2/U _

mn,m

L Jnfl Infl
Property 5.23 (Base Change DCT-2, U-Basis).
BRI =1, (11 ®(3 @ Luo1)) + HYy @(01x1 & Jn1) — H2, @(3 @ 0n—1xn-1)
Property 5.24 (Base Change DCT-2, U-Basis).
DCT-2/U : m n m n m n
B! = diag ((5111 20f) + 3 (0 ®35) + (O, ® ‘5111,n)>+
+mon ( 2 ' @(11 B Jn-1), 6" @ 5ﬂn)+
+mon (z"2 ®1,, —% (5{1_2 ® 5]?1))
Theorem 5.25 (Base Case DCT-2).
DCT-35(r) = diag(1,cosrm) Fa
Theorem 5.26 (Recursion DCT-2).
DCT-2, = DCT-2,(1/2)
m—1
DCT-2n(r) = B (DCT 2, (r) @1,,) ( D DCT-zn(rgﬂ(r))> M7

m
=0

5.4.3 DST-4, U-Basis
Definition 88 (Base Change DST-4, U-Basis).

,&J,® -
—_——
B;;]LDSLTA/U — (S;I; ® In ) m summands
Property 5.25 (Base Change DST-4, U-Basis).
I,
Jn Iy
BT.DST-4/U _ J. I,

J. I,

Property 5.26 (Base Change DST-4, U-Basis).

B Y = Ly +H,, @ Jy

mn,m
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Property 5.27 (Base Change DST-4, U-Basis).
BT,DST—4/U _ dlag (Zmn%(C) + mon (mel ®n, 5{::_1 ® ZnﬁC)

mn,m

Theorem 5.27 (Base Case DST-4).

1 O M M s T
DST-45(r) = [ 1 2costr } Fy diag (sm o, cos T)
Theorem 5.28 (Recursion DST-4).
DST -4, = DST-4,(1/2)
m—1
DST Apn(r) = BhiPST-/ U(DST-Qm(r) ®1n) (@ DST_4n(r;n(r))> M7
i=0
5.4.4 DCT-4, U-Basis
Definition 89 (Base Change DCT-4, U-Basis).
I,®J,® -
—_———
B;;]L:)SLT -4/U — ((Im — H:n) ® In ) m summands
Property 5.28 (Base Change DCT-4, U-Basis).
I
—J. I,
BTDCT-4/U _ —J, I,
—J. I,

Property 5.29 (Base Change DCT-4, U-Basis).

BT,DCT—4/U _ Imn _ H71n ® Jn

mn,m

Property 5.30 (Base Change DCT-4, U-Basis).

BT7DCT—4/U _ dlag (,Lmn—)C) + mon (Z::Zz_l ®Jn, 5]}7”_1 ® ( _ Zn—)C))

mn,m

Theorem 5.29 (Base Case DCT-4).

1 0
-1 2cos5F

DCT -45(r) = [ } F, diag (cos ZF, sin )

Theorem 5.30 (Recursion DCT-4).

DCT -4, DCT -4,,(1/2)

m—1
DCT-4yn(r) = BPST-4v (DST-2m(r)®In>< DCT-4n(r;”(r))> M
1=0

5.4.5 DCT-2, T-Basis

Definition 90 (Base Change iDCT-3, T-Basis).

Lﬁn ((Il 69:[nfl) 5> (11 ®Jn71) @D -- )

C;FL#-’]’?nCT—S/T — (Im D (In,1 & Sm) ) m summands
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Property 5.31 (Base Change iDCT-3, T-Basis).
-1 -
In—l Jn—l

C~1DCT-3/T _

mn,m

Property 5.32 (Base Change iDCT-3, T-Basis).
Cr DT 3T =1, 4+ U, ®@(01x1 @ Jpo1)
Property 5.33 (Base Change iDCT-3, T-Basis).
CT;}L’,]?nCT"g/T = diag (v ) +mon (z}, ®(11 ® Jn_1), o, ® (5&3)

Theorem 5.31 (Base Case iDCT-3).

1
iDCT-35(r) = diag (1, ) Fy
2cosrm

Theorem 5.32 (Recursion DCT-2).

DCT-2,, — iDCT-3,(1/2)
m—1

iDOT -3, (r) = C,;i’,?nCT'S/T(iDCT-?)m(r) ®In) <@ iDCT-3n(rgn(r))) M
1=0

5.4.6 DCT-2, T-Basis, Radix-2
Definition 91 (Base Change DCT-2, T-Basis, Radix-2).

L (Lo @J,_
C’?ncf;f'Q/T _ (Ig@(ln,l (I —H%))) ( (I 1))

Property 5.34 (Base Change DCT-2, T-Basis, Radix-2).

C’SSQTQ/T =1l — Hé ®(01 D Jn—l)

Definition 92 (Base Change Diagonal DCT-2, T-Basis, Radix-2).

EBSQTQ/T’T =1, EB( cosrm diag (11 ®21,-1 ))
Property 5.35 (Base Change DCT-2, T-Basis, Radix-2).
I
DCT-2/T,r L1
Bans - I cosrm
—Jn_1 2cosrml,_q
Property 5.36 (Base Change DCT-2, T-Basis, Radix-2).
BQDn(?QT'Q/T”' = diag ((5]121 ®1"7C) +cosrm (67, @ Of) + 2cosrm (0F, , @ 5]?“))

+mon (23 (11 & Jn—1), —0f ® 5]?11”)
Theorem 5.33 (Recursion DCT-2).

1
DCT 35, (r) = Byoy /"7 (Fy@1,,) (@ DCT-2,( rf(r)) M2"
=0

45



6 Definitions

Definition 93 (Standard Basis). Let ef, e}, ..., e"_; denote the vectors in C"*! with a 1 in the component
given by the subscript and 0 elsewhere. The set

B,={e':i=0,1,...,n—1} (1)
is the standard basis of C"*1.
6.1 Operators
Definition 94 (Matrix Sum).
A=A+ 4

Definition 95 (Iterative Matrix Sum).
k—1
ZAi =Ao+...+ A1
=0

Definition 96 (Matrix Product).

A=A A
Definition 97 (Iterative Matrix Product).

k-1
HAz' = Ao Ag1
i=0

Definition 98 (Matrix Direct Sum).
A=Ay A

Definition 99 (Iterative Matrix Direct Sum).

k—1
EBAi = Ao B ... 0 Ay
1=0

Definition 100 (Row Overlapped Matrix Direct Sum).
A= Ao Dr Ay

Definition 101 (Iterative Row Overlapped Matrix Direct Sum).

3

A=A Bk ... B A1

Il
=

Definition 102 (Column Overlapped Matrix Direct Sum).
A= A" A

Definition 103 (Iterative Column Overlapped Matrix Direct Sum).
m—1
@kAi =Agd*... 0" Ap_y
=0

Definition 104 (Iterative Vertical Stack).
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Definition 105 (Iterative Horizontal Stack).

m—1

[ ] ai=[40] [ Ant]

j=0
Definition 106 (Matrix Tensor Product).
A=A, A
Definition 107 (Matrix Row Overlapped Tensor Product).
m—1
A=1, @40 =P rA
i=0

Definition 108 (Matrix Column Overlapped Tensor Product).
m—1
A=1,2"4 ="A
i=0

Definition 109 (Iterative Matrix Tensor Product).

k—1
®Ai:A0®A1®“'®Ak71
i=0

Definition 110 (Matrix of Matrices).

Ao - Ao
A’;)’LO Amn
Property 6.1 (Distributivity).
k—1 k—1
(1) - (£
i= i=

6.2 Generating Functions
6.2.1 Matrix Generating Functions

Definition 111 (Matrix Generating Function). Matrix generating functions are of type

J{0,...,m =1} x{0,...,n -1} = C
| Gg) = f)

Definition 112 (Diagonal Generating Function). Diagonal generating functions are of type

){0,...,n—=1} = C
f‘{wﬂn

Definition 113 (Diagonal Induced Matrix Generating Function). The diagonal generating function

){0,...,n—-1} = C
f‘{mm’)
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induces a matrix generation function

» J{0,...,n—=1} x{0,...,n -1} = C
| G5) = £
with
pre fl) ifi=y
i,7) = .
J@.9) {0 else
Definition 114 (Permutation Generating Function). Permutation generating functions are of type
i {0,....,.n—1} = {0,...,n— 1}
i w(4)

with the permutation
TES,.

Definition 115 (Permutation Induced Matrix Generating Function). The permutation generating function
{0,....,n—1} = {0,...,n—1}
T
i (i)

with the permutation
TES,

induces a matrix generation function
. J{0,...;,n—=1} x{0,...,n—1} = C
7T : . . A~ . .
(i,9) = #(i, )
with

0 else

f@ﬁ:{liwzw@.

6.2.2 Index Mapping Functions

Definition 116 (Index Mapping Functions). Index mapping functions are of form

. {20771777/} — {]Oaajm}
i £(0)

Corollary 6.1 (Index Mapping Function). The index mapping function

f . {io, 7ZWL} - {j()v ,]m}
" i f(3)

induces a matrix generation function

f— {07’Zm}x{07,]m}%(c
| Gg) = £GL)
with
1= 1)
f(”)_{o else .
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Corollary 6.2 (Permutation Generating Functions). The permutation generating function

i {0,...,n—1} = {0,...,n—1}
R0
with the permutation
TES,.

is a bijective index mapping functions.

6.3 Operations on Functions
6.3.1 Matrix Generating Functions

Definition 117 (Sum of Matrix Generating Functions). The sum of the two matrix generating functions

J{0,...,m =1} x{0,...,n -1} = C
) = £ 9)

and
){0,...,m =1} x{0,...,n -1} = C
) = (i g)

is given by the matrix generating function

J{0,...,m =1} x{0,...,n -1} = C
o {(m) > £, 5) + g(i. ).

Definition 118 (Direct Sum of Matrix Generating Functions). The direct sum of the two matrix generating
functions

{0, ,mo =1} x{0,...,ng—1} = C
'{(i,j)wf(mj)

and
{0, ;my =1} x{0,...,n; =1} = C
' {(m’) - g(i. j)

is given by the matrix generating function

) {O,...,mo+m1—1}><{O,...,n0+n1—1}—>(C
oo {(i,jw (f @ 9)(0,5)

with
f@,9) if (4,5) €{0,...,mp — 1} x {0,...,ng — 1}
(feg)i,j) =< gli —mg,j—ng) ifie{mo,...,m3 —1} x{ng,...,ny — 1}
0 else

Definition 119 (Row Overlapped Direct Sum of Matrix Generating Functions). The row overlapped direct
sum of the two matrix generating functions

. {0,...,7’710—1}X{O,...,no—l}—)(c
(@) = £ )

and

. {0,...,m1—1}><{0,...7n1—1}—>(C
|G d) = gl g)

49



is given by the matrix generating function

) {0,...,m0+m1—1}X{O,...,no—I—nl—k—l}—MC
J g {(m) = (f ©k 9)(i, 5)

with
f(l,_]) if(i,j)E{O,...7m0—1}><{07...,n0—1}
(f@kg)(l,]): g(i—mmj—no—k) ifiE{mo,...,ml—l}X{no—k/’,...7n1—k—1}
0 else

Definition 120 (Column Overlapped Direct Sum of Matrix Generating Functions). The column overlapped
direct sum of the two matrix generating functions

f‘ {O,...,mo—l}X{O,...,’I’Lo—l}—}c
| Gg) = £ 9)
and
g: {O,...,mlfl}X{O,...,’Illfl}‘)(c
| Geg) = 90 g)
is given by the matrix generating function
f@k . {O,...,moerl—k—l}x{O,...,n0+n1—1}%(c
(i,4) = (f ®" 9)(i, 4)

with
f(laj) if(i,j)G{O,...,mo—l}x{0,...,77,0—1}
(fEBk'g)(Lj): gi—mo—Fk,j—mno) ifie{mo—Fk,....m —k—1} x{ng,...,n1 — 1}
0 else

Definition 121 (Multiplication of Matrix Generating Functions). The multiplication of the two matrix
generating functions

.{{07...,m—1}><{O,...7n—1}—>(C
| Gog) = FL )
and
J{0,...,n =1} x{0,...,k =1} = C
| {(m‘) > g(i.j)
is given by the matrix generating function

{0,....m -1}y x{0,....,k—1} > C

19N () s "g:f@,k)g(k,j).

Definition 122 (Tensor Product of Matrix Generating Functions). The tensor product of the two matrix
generating functions

f‘ {0,...,m0—1}x{O,...,no—l}%C
| Gg) = £ 9)

and

(i,5) = g(i, j)
is given by the matrix generating function
{O,...,moml—l} X {0,...,7107”—1}—)@
f®g: (i,§) — f ({leJ ) {n%J) g(i mod my,j mod ny)

g_{{0,...,m1—1}X{O,...,nl—l}—HC
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Definition 123 (Matrices of Matrix Generating Functions). The matrix of the matrix generating functions
o,... -1 0,...,n—1 C
foas 410 m =10, n = 1) with (k1) € {0,...,K —1} x {0,...,L — 1}
(i,4) = f(i.4)

is given by the matrix generating function

{0,....mK -1} x{0,...,nL -1} = C
(i,j)HfLLJ’LlJ(i mod m,j mod n).

m n

fo,0 for—1 {

fol,O fol,Lfl

6.3.2 Diagonal Generating Functions
Definition 124 (Sum of Diagonal Generating Functions). The sum of the two diagonal mapping functions
0,...,n—1} > C 0,...,n—1}=>C
: { ’ ,.n } and g¢: { ’ ,.n }
i— f(4) i g(i)
is given by the diagonal generating function
0,....n—1} = C
f+g: { . }
i f(i) +g(i)

Definition 125 (Direct Sum of Diagonal Generating Functions). The direct sum of the two diagonal gen-
erating functions

Iy {0,...,.m—1}—>(C and g -{0,...,'n—1}—>(C
i— f(4) i g(i)
is given by the diagonal generation function
0,....m+n—1} > C
fog: { e J
i (f®g)d)

with
10, ifie{0,...,m—1}
gli—m) ifie{m,....n—1}"

(fog)i) = {
Definition 126 (Product of Diagonal Generating Functions). The product of the two diagonal generating
functions

co,n—1 co,n—1
: {O, ,‘n }—=C and g :{0, ,-n }—=C
i 1) i g(0)
is given by the diagonal generation function
fa- {0,....n—1} = C
i f@)g(0)

Definition 127 (Tensor Product of Diagonal Generating Functions). The tensor product of the two diagonal
generating functions

J{0,....m -1} = C an ){0,...,n—=1} = C
'{ief(i) d g'{ng(i)

is given by the diagonal generation function

J{0,...,mn -1} = C
19 {(z’,j) — £(|£]) g(i mod n)
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6.3.3 Permutation Generating Functions

Definition 128 (Direct Sum of Permutation Generating Functions). The direct sum of the two permutation
generating functions

{0,....m—1} = {0,...,m—1}
T
i+ (1)
with 7 € S,,, and
{0,...,n—1} = {0,...,n—1}
o:
i o(i)

with o € S,, is given by the permutation generation function

o {0,....m+n—-1} = {0,...,m+n—1}
i (r@o)(i)

with
() ifie{0,...,m—1}
oi—m)+m ifie{m,...,n—1}

and T Do € Spgn.

Definition 129 (Product of Permutation Generating Functions). The product of the two permutation
generating functions

i {0,....,n—1} = {0,...,n—1}
=T

with 7 € S,, and
o {0,....,.n—1} = {0,...,n— 1}
i o(d)

with o € S, is given by the permutation generation function
o {0,....n—1} = {0,...,n—1}

i (moo)(i)
with mo € S,,.

Definition 130 (Tensor Product of Permutation Generating Functions). The tensor product of the two
permutation generating functions

7T_{{0,...,m—1}—>{0,...,m—1}

i— (i)
with 7 € S,,, and
{0,....,n—1} = {0,...,n— 1}
o:
1 o(i)
with o € S, is given by the permutation generation function
P {O,...,m@—l}—>.{0,...,mn—1}
i nT (L%J) + O’(Z mod n)

with 7 ® 0 € S;n.
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Definition 131 (Inversion of Permutation Generating Functions). The inverse of a permutation generating

functions
0,...,n—1, —=>{0,...,n—1
T {’ i b= {0 } with 7 €8,
1 m(7)
is given by the permutation generation function
1 J{0,...;n -1} = {0,...,n—1}
T .
i with j = 7(4)
Lemma 6.1. For two permutation generating functions
TesS,, and weS,
it holds that
(mow)™ = wlor™?
(row)™ = rlow?
(rew)™ = rlow .

6.3.4 Index Mapping Functions

Definition 132 (Concatenation of Index Mapping Functions). The concatenation of the two index mapping

functions
1 — K
pt 7 g {7 TH
i f(i) i g(i)
is given by the index mapping function
I - K
gofig. 0
i g(f).
Definition 133 (Restriction of Index Mapping Functions). For an index mapping function f with
I—=J
fa9. N
i f(i)

the restriction of f to I C I is defined by

i— f(i) withiel
Definition 134 (Fusion of Index Mapping Functions). The fusion of two index mapping functions
I—J K—L
9 . and g¢g:« . ) with INK =g
i f(i) i g(i)
is given by the generating function

f@) ifiel

ITUK - JUL
fUg: RO :
g(i) ifieK

isGuge (fug)("):{

Definition 135 (Splitting of Index Mapping Functions). An index mapping function

I—J
f‘{mm)
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is split into the family of functions

Ij%J

{fiti=o,.. k=1~ fi: {i»—>f<(z’)
J

with
k—1
r=Us
j=0
by partitioning the domain of f into the domains of f;,

k—1
I=Jn ., nh=afork#l,
j=0

and defining

fi = flr;-
Definition 136 (Pseudo Inversion of Index Mapping Functions). For an injective index mapping function
f with
I—=J
fa9. N
i f(i)
the pseudo inverse f~! is defined by
PR GRS
i with f(j) =1

6.4 Index Mapping Functions of Special Type
6.4.1 Interval Mapping Functions

Definition 137 (Interval Mapping Function). A index mapping function of form

PR e R R S ¥
i f()

is called interval mapping function.

Definition 138 (Identity Interval Mapping Function). The identity interval mapping function is given by

Z .{{0,...,n—1}—>{07...,n—1}

A
Definition 139 (Basis Interval Mapping Function). Basis-n interval mapping functions are given by

-1
()n : {{0} _> {0,...om } with 0<j <n.
=

If the value of m is clear from the context, the shortcut
ji=0)m with 0<j<n.

is used.
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Property 6.2 (Concatenation of Interval Mapping Functions). The concatenation of the two interval map-
ping functions

PR AU S O
i £0)

and

J{o,...,Ny =1} = {0,...,N -1}
i g(d)

is the interval mapping function

S J{0 =1 = {0, N -1}
! f’{iw(fu))

Definition 140 (Direct Sum of Interval Mapping Functions). The direct sum of the two interval mapping

functions
£ {0,....m—1}—={0,...,M -1}
RGO
and
i g(7)

is given by the interval mapping function

g:{mP“J%J}%{QHWN—l}

{0,....m+n—1} > {0,...., M+ N —1}
feg:d . [16) if i € {0,...,m—1}
ZH{g(i—m)—km ifie{m,...,n—1}

Definition 141 (Tensor Product of Interval Mapping Functions). The tensor product of the two interval
mapping functions

f.{{0,...,m—1}—>{0,...,M—1}
i £

and

i g(i)
is given by the interval mapping function
{0,...,mn—-1} —- {0,...,MN — 1}
f®g:q. ; .
i—=nf (Lﬂ) +g(z mod n)

Definition 142 (Overlapped Tensor Product of Interval Mapping Functions). The overlapped tensor prod-
uct of the two interval mapping functions

f.{Q”wm—lyﬁww”JJ_u
i £6)

g:{mwnﬂh%}%{Q“WN—l}

and
{mwnﬂh%}%{Q“WN—l}
g9, .
i g(i)
is given by the interval mapping function

){0,...,mn -1} = {0,...,MN — 1}
ferg: {iH(n—k)f(LfLJ)—&-g(imod n)
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Definition 143 (Stacking of Interval Mapping Functions). The stack of the two interval mapping functions

;- {0,...,n9g—1} = {0,...,N -1}
i f(3)

and
{{0,...,n1—1}—>{o,...,N—1}
g-y. .
i g(i)
is given by the interval mapping function
|:f:| {0,...,n0+n1—1}—>{0,...,N—1}
gl im 2] )
with

[f}(i):{f(i) if (i,7) €{0,...,no — 1}

g g(i —mng) ifi € {ng,...,n1 —1}.

Theorem 6.1 (Decomposition into Interval Mapping Functions). Any index mapping function

. {i07'-~7im71} — {jOa"'ajmfl}

fiq. .
i f(@)

can be decomposed into a concatenation of two interval mapping functions,

f=row™,

with
with N —12> j1

7,.{{07-~-,m—1}—>{0,...,N_1}
and

w.{{o,...,ml}%{o,...,Nl}

i+ w(i)
Definition 144 (Locality). The locality of a family of interval mapping functions

. i . {07an]*1}4>{0,,N71}
{fJ}j:O,...,m—l with fJ{ZHfJ(Z)

is defined by
A (Uit yzonm1) = { S0, my =11 fanea ({0, my = 1)

Lemma 6.2. From
|M| # |N|

A({ri}jenr) # A({w5} e ).

follows that
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6.4.2 Additive Separable Functions

Definition 145 (Additive k-Separability). A family of interval mapping functions
{fj}j:O,..‘,mfl

is additive k-separable if the family {f;} has a common closed form

{ﬂhnqnm)—l}%{Q.”JV—l}

I for 0<j57<m

with the “base function”

y J {0 m =1y = {0, N -1}
g bG)

and the family of “stride functions”

0,...;m—1} = {0,...,N -1}
i s'(i,1)

{Sl}l:()’m’kfl Wlth Sy {

and the “stride instantiation” function
){0,...,m =1} = {0,...,k =1}
v {j - 1(5).
Definition 146 (Additive Separability). A family of interval mapping functions
{fi} §=0,...,m—1

is additive separable if it is additive 1-separable, i.e., the family {f;} has a stride function s(i) that is
independent of j:

£ {0,....n—1} = {0,...,N -1}
T i e b(j) + s(d)
Lemma 6.3. For two families of additive separable functions

{0, on—=1}y = H{0,...,N -1}
77 e () + 5(3)

for 0<j<m.

with j =0,...,m — 1

and

with j =0,....m—1

{0, n—1} = {0,... . N—1}
IV i s e() + 1)

the condition
A( {fj}j:O,...,m—l ) = A( {gj}jzo,...,m—l )
is equivalent to the two conditions

A(b(j)) = A(c(j)) and A(s(j)) = A(t(j)) Vj=0,...,m—1.

Lemma 6.4. For two families of additive separable functions

{ﬂann—l}%{Q.“JV—l}

with j =0,...,m—1

T b() + s(0)
and
. J.(O,...,'n—l}—>{07...,N—1} with = 0.1
i c(j) +t(i)
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the condition
A(f) =A(g;) Vi=0,....,m—1

is equivalent to the two conditions

b(j) =c(j) and A(s(j)) =A(t(j)) Vi=0,...,m—1.

Lemma 6.5. For two families of additive separable functions

-1 N1
f{i{{o, = A0 NS 0w

T )i b)) + s(d)
and

0,....,n—1 0,...,N—1
gj:{{’ n= 1= {0, } with j=0,...,m—1

i c(f) +t(7)

and a permutation

{0,...,m—1} = {0,...m —1}
T
i— (i)
the condition
Ji=9r¢gy Vi=0,....m—1.
is equivalent to the two conditions

b(j) =c(m(4)) and s(j)=t(j) Vj=0,....,m—1

and
A(b(j)) = A(c(j)) and s(j) =t(j) Vi=0,...,m—1.

Lemma 6.6. For two families of additive separable functions

PR LU S S
P i 0+ ()

with 7 =0,...,m—1
and

0,...,n—1 0,...,.N—1
gj:{{’ n =1 = {0 } with j=0,...,m—1

i c(f) +t(7)

the condition
fj =49j ijO,...,mfl.

is equivalent to the two conditions
b(j)=c(j) and s(j)=t(G) Vj=0,...,m—1.

6.4.3 Stride Functions

Definition 147 (Stride Function). A interval mapping function of form

f:{{0,...,n—1}—>{0,...,N—1}

i—b+si

is called stride function.
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Property 6.3 (Concatenation of Stride Functions). The concatenation of the two stride functions
s {0,....,n—1} - {0,...,N; — 1}
' 7 bl + 81 )

and
J{o,...,Ny =1} = {0,...,N -1}
i by 40

is the stride function

B e A LI A
g ' 7 — (b182+b2)+(8182)i

Lemma 6.7 (Inversion of Stride Functions). The family of stride functions

{0,....,n—1} = {0,...,mn — 1}
1+ 1im

{fj}jzo,...,m,—l with fj : {

has the family of pseudo inverses

_ . _ {j,7+m,....57+(n—1m}—={0,...,n—1}
Ui comey with S {Z],j i !

m

Definition 148 (Unit Stride Function). A stride function of form
£ {0,....,n—1} = {0,...,N -1}
i b+
is called unit stride function.
Property 6.4 (Concatenation of Unit Stride Functions). The concatenation of the two unit stride functions
5 {0,....n—1} = {0,...,N; — 1}
i bt

and

JH{o,...,Ny =1} = {0,...,N -1}
i by +i

is the unit stride function
0,...,n—1}—>{0,...,N—1
por {00 0
Z’—)(bl—‘rbg)—l-i

Definition 149 (Additive Linear Separability). A family of interval mapping functions
{fj }ij,...,nz—l

is additive linear separable if the family {f;} it is additive separable with a stride “base function’

b.{{O,...,ml}%{O,...,Nl}

)

Jrruj+ov
Lemma 6.8 (Inversion of Unit Stride Functions). The family of unit stride functions

{0,....,n—1} = {0,...,mn — 1}
i jnti

{fi}jm0.m—1  With fj: {
has the family of pseudo inverses

-1 . o J{ng,..oon(G+1) =13 = {0,...,n -1}
{fj }jZO,...,m—l with fj : {Z|—>Zm0d n
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6.4.4 Simplification Rules for Special Functions
In the following, a, b, 1, j,n € Ng.

Lemma 6.9. For 0 < i < n it holds that

Lemma 6.10. For 0 <7 < n and an < b it holds that
Jot_ |4
o= la)

(a+b) mod n = (a mod n)+ (b mod n).

Lemma 6.11. For any a and b it holds that

Lemma 6.12. For 0 <7 < n it holds that
(jn+14) mod n =1
Lemma 6.13. For any a and b it holds that

(ab) mod (an) = a(b mod n).

P+2J:j+M’

an mod n = 0.

Lemma 6.14. For any a it holds that

Lemma 6.15. For any a it holds that

Lemma 6.16. For any a,b, and c it holds that

ai+bj .a b

c c
Lemma 6.17. The inverse of the function
Iy {0,..._,mn—1}—> {0,...,mn—1}
i [L] 4 m(i mod n)
is
L {O,...?mn—l}—>{0,...,mn—1}
i | L] +n(i mod m)
6.5 Parametrized Matrices
6.5.1 General Matrix
Definition 150 (General Matrix). The generating function
J{0,...,m =1} x{0,...,n -1} = C
| G5) = £ 9)
generates the matrix

matrix(f):(f(i,j)) =0 mo e cmxm,
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Theorem 6.2 (Compatibility). Matrix generating function operations and matrix operators are compatible.

matrix(f) + matrix(¢g) = matrix(f + g)
matrix(f) @ matrix(g) = matrix(f @ g)
matrix(f) @ matrix(g) = matrix(f @k g)
matrix(f) ®* matrix(g) = matrix(f ®F g)
matrix( ) matrix(¢g) = matrix(fg)
matrix(f) ® matrix(g) = matrix(f ® g)
matrix(foo) -  matrix( f(m foo o fon
: . ] = matrix : . :
matrix(fmo) - matrlx fmn fmo - fon

6.5.2 Diagonal Matrices
Definition 151 (Diagonal Matrix). The generating function

I3 {0,....,.n—1}=>C
i £G)
generates the diagonal matrix
diag(f) = diag (f(0),..., f(n — 1)) € C™*".

Thus, X
diag(f) = matrix(f)

with f being the induced matrix generating function.

Theorem 6.3 (Compatibility). Diagonal matrix generating function operations and matrix operators are
compatible.

diag(f) + diag(g) = diag(f +g)

diag(f) @ diag(g) diag(f @ g)
diag(f) diag(g) = diag(fg)

diag(f) ® diag(g) = diag(f®g)

6.5.3 Permutation Matrices
Definition 152 (Permutation Matrix). The generating function
{0,....,n—1} = {0,...,n— 1}
T
i (i)
with the permutation
TES,

generates the permutation
perm(7) = matrix(7).

with 7 being the matrix generating function induced by 7.
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Corollary 6.3 (Parametrized Permutation). For
T = (wa'-axn—l)T and y= (yOa"'ayn—l)T EC”XI?

the multiplication
y = perm(7) x
produces the vector y with the property
Yi = Tr(i)-

Theorem 6.4 (Compatibility). Permutation matrix generating function operations and matrix operators
are compatible.

perm(w) & perm(o) = perm(m P o)
perm(7) perm(c) = perm(mwo)
perm(m) ® perm(o) = perm(m ® o)

6.5.4 Matrices Induced by Index Mapping Functions
Definition 153 (Splitting of Induced Matrices). A matrix

matrix ( f )

induced by an index mapping function

I—J
f’{mﬂi)

with

k—1
_ . . Ij—>Jj
F=Us f“{iwju)

can be split into a sum of induced matrices.
—_—
k-1

k—1
matrix U fil = Z matrix (f]) .
j=0 Jj=0

6.5.5 Gather Matrices
Definition 154 (Gather Matrix). The gather matrix

G;V’" = matrix (f)
parametrized by the interval mapping function

PR AU R VS (RS
REFI0)

is defined via the matrix generating function f induced by f. A shorthand notation used is

{0,....,n—1} = {0,...,N —1}

N,n ._ «N,n : .
Gin(Z.) =Gy with f: {z o 1)

omitting the domain and range of f as these values are encoded in the parameters N and n of G?]’".
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Property 6.5 (Gather Matrix). Gather matrices are stacks of transposed basis vectors:

where el¥ € CV*1 is a vector of the standard basis (1).

Corollary 6.4 (Application of Gather Matrices). For

T E(CNXI

z = (T0,...,TN_1) and Y= (Yo, Yn_1) € C™L,

the multiplication
N,n
y=G ;o
produces the vector y with the property
Yi = Tf(i)-
Corollary 6.5 (Gather Matrices and Standard Bases).
T
Gjl\/'}n GN _ {ez I j f(Z)

J 0™ else

Example 6.1 (Gather Matrix). For x € C¥*1, y € C**1 ¢ := G4,z is given by

21

Zo

T
1 . . . . . . . To i)
y _ G8’4 r = 1 . . . . . T3 . X9
=21 1 T4 T4
1 . ZTs Te

Te

Z7

with the zeros represented by dots.

6.5.6 Scatter Matrices

Definition 155 (Scatter Matrix). The scatter matrix

SRS (G}“")T

parametrized by the interval mapping function

P LU R VS RS
REFI0)

is defined as the transpose of the corresponding gather matrix G;V’". A shorthand notation used is

{0,...,n—1} = {0,...,N —1}

N,n . qNmn : .
Sin(Z.) =S} with f: {z o 1) ,

omitting the domain and range of f as these values are encoded in the parameters N and n of ijv’n.
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Property 6.6 (Scatter Matrix). Scatter matrices are rows of basis vectors.

Nmn N N N
;= (ef(O) lefay || €f<n71>)7

where e € CV*1 is a vector of the standard basis (1).
Corollary 6.6 (Application of Scatter Matrices). For
z=(z0,...,Tn_1) €C and y= (yo,...,yn-1)

the multiplication
N,n
y=2>9 PR

produces the vector y with the property
z; if j = f(i)
Y =
0 else
Corollary 6.7 (Scatter Matrices and Standard Bases).

N, _ N
Sy el = e

T c (CNXI7

Example 6.2 (Scatter Matrix). For x € C**!, y € C¥<1, y := S?ﬁi+4 x is given by

T

L 88’4 o . . . . X _

Yy = i—itd L= 1 . .. T =
1 I

with the zeros represented by dots.

6.6 Algebraic Properties of Gather and Scatter Matrices
Property 6.7 (Trivial Gather Matrix).

Gi]:i]’N =1y
Property 6.8 (Trivial Scatter Matrix).
sy =1
id TN

Transposition of gather matrices yields scatter matrices.

Property 6.9 (Gather Transposition).
(G;V,n)'l' — S}V,n’

Property 6.10 (Scatter Transposition).

N,n\T _ ~N,n
(SYm7T =G,

Multiplication of gather matrices with scatter matrices yields identity matrices.

Property 6.11 (Gather/Scatter Identity).

G Sy =1,
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Property 6.12 (Scatter/Gather Identity).
SY" G = diag (6(7))
with the generating function

.{m,le}eC

i 0f(1) 0 else

with (Sf (Z) = {
A product of two gather matrices is a gather matrix.
Property 6.13 (Gather Multiplicativity).

Ni,n N,N1 __ Nﬂ"«
Gy Gy =Gyof -

A product of two scatter matrices is a scatter matrix.
Property 6.14 (Scatter Multiplicativity).

N,N; Ni,n _ gN,n
Sy Syt =Sieg

A stack of two gather matrices is a gather matrix.

Property 6.15 (Gather Stacking).

G’vam1 fGN.,n1+n2
oy ] L]

A row of two scatter matrices is a scatter matrix.

Property 6.16 (Scatter Stacking).

[S;\’Jn S;V,rm} _ SI\?ernz

[5]
Property 6.17 (Gather/Scatter Multiplicativity).
G;V’" S =perm(fog) for A(f) =A(g).
Property 6.18 (Permutation as Gather Matrix).
GNN = perm(w) for me Sy
Property 6.19 (Permutation as Scatter Matrix).
SNN — perm(r~!) for 7e Sy

Property 6.20 (Gather/Permutation Multiplicativity).

G;V’" perm(m) = Giv(;? for meSn.

Property 6.21 (Permutation/Gather Multiplicativity).
perm(m) jSv’" = G;\QZ for mesS,.
Property 6.22 (Scatter/Permutation Multiplicativity).

S}V’" perm(m) = ijo’;’_l for mes,.
Property 6.23 (Permutation/Scatter Multiplicativity).

perm () S}V’" = SWN_’?OJC for meSy.
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Theorem 6.5 (Index Mapping Decomposition). The matrix
matrix ( f )
generated by the matrix generation function induced by an index mapping function
;- {{io, crimet} = {os s Gmet}
i f(i)

with
f=row,

can be factored into a product of a scatter and gather matrix,
SZrthm G.,Zjn—hm’

with
, {O,...,m—1}—>{j07~-~7jm—1}

and
i w(i)

. {{O,...,m— 1} = {ig, rim_1}

7 Expressing Constructs using Gather, Scatter and Iterative Sums

7.1 Iterative Constructs

The iterative constructs covered here are all translated into a iterative sum of k£ parametriced matrices A;

using the gather and scatter operators Gi\; ™ and S% ‘™ parameterized by iteration dependent index mapping
functions
{0,...,n—1} = {0,...,N — 1}
Tt
i (i)
and

w0 m =1} = {0, M =1}
T i W' (4,9)

leading to an equation

k—1
. k=1, __ M,m N.n
constructhOAj = § :Sz’>—>w’(z’,j) A Gi>—>r/(i,j)
j=0

Theorem 7.1 (Iterative Sum).

k—1 —1
A; =" SrEm oA G with A € CTXT
§=0 §=0
Theorem 7.2 (Iterative Direct Sum).
k—1 k—1
mk,m nk,n .
D4 = s A GEL, with AjeCm
Jj= Jj=0

Theorem 7.3 (Iterative Row Overlapped Direct Sum).

k—1

D=

—1
= i—=0

gk m AjG("_T)H"’" with A; € C™*"

i—=jm+i i—j(n—r)+i

<
<
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Theorem 7.4 (Iterative Column Overlapped Direct Sum).

N

-1

N
[

TAj _ S('m—_r)k—i-rﬂn Gnk: n with Aj c (Cm><n

u—>](m7r)+z i—jn—+i

<
I
o

<
I
o

Theorem 7.5 (Parallel Tensor Product).

k—1
@A =Y SPm CAGEET | with AeCmn

i jm-1 —=jn+i

Theorem 7.6 (Row Overlapped Tensor Product).

@, A= S Srhm A GEIIE it A e Cmen

—=Fjm-+1i w—j(n—r)+i

Theorem 7.7 (Column Overlapped Tensor Product).

I, @ A= Zsm nktrm 4o grkn with A € ™

i—j(m— T)+z i jn+i

Theorem 7.8 (Vector Tensor Product).

AR, = Z Spb L AGEET L with A eCmn
7.2 Parametrized Constructs

7.2.1 Matrices of Matrices

Theorem 7.9 (Matrix of Matrices).

Aoo -+ Aos— R—1S-1
: : Zgi:nnﬂ Ajk G?»il?n+z with  A;, € C™*"
Ap—10 -+ Apr_15-1 J=0 k=0
Corollary 7.1 (Horizontal Stack of Matrices).
5-1
[ ] 4= Z S A GRS L with A € €
i=0
Corollary 7.2 (Vertical Stack of Matrices).
R—-1 R—1
[—] 4, =3 sFmm a,anm with Ay e Cmn
7=0 Jj=0

7.2.2 Diagonal Matrices

Theorem 7.10 (Diagonal Matrices). For any family of interval mapping functions

_ {0,...,n; —1} = {0,...,n—1}
{bj}jzo,...,k—1 with b, : {z . bj(z‘)j
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that factors the identity by
k-1
id, = | 005",
j=0
a diagonal matrix
, 0,...,n—1} = C
di € C™*"™  with : {0,
e v {0

can be expressed as sum with £ iterations by
diag(f Z Spiry diag(f;) Gy with  f; = fob;.

Corollary 7.3 (Diagonal Matrices). A diagonal matrix

diag(f) € C" with {{ N 1}

can be expressed as sum with k iterations (k|n) b

) . O,...,ﬂ 1} - C

Corollary 7.4 (Diagonal Matrices). A diagonal matrix

{0,...,n—1}=>C

diag(f) € C**"™ with f: {z o 1)

can be expressed as sum with k iterations (k|n) by

. nB . O,...72_1 —>C
diag(f ZSzH]Hk diag(f;) G, )5, with  f;: {z{»—> f(jl:_m)}

7.3 Permutations
7.3.1 Permutation Generating Functions

Theorem 7.11 (Domain Splitting of Permutation Generating Functions). A permutation generating func-

tion
0,...,n—1} - {0,...,n—1
T {’ ,.n b= A0 on =1} with 7 €8S,
i (i)
is split into the family of index mapping functions
i}z _ o
{]}gO ..... k=1 J {'L'_>7rj()

with
k-1
™ = U Uy
j=0
by partitioning the domain of 7 into the domains of =,

{0,...n-1y=JIL , kinli=afork#l,

and defining
T =T,
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Theorem 7.12 (Range Splitting of Permutation Generating Functions). A permutation generating function

0,....,n—1 coon—1
WZ{{ ’ ,.n b A0 m =1 with 7w €8S,
1 m(7)
is split into the family of index mapping functions
Ij —J
{miti=0,k—1 . m {2 s m;(0)

with
k—1
™= U 7Tj
j=0
by partitioning the range of 7 into the domains of =,

k—1
{0,....n=1y=JJ; , Tkndi=afork#l,
j=0

and defining
_ -1
mj= (7 1|Jj) .

Theorem 7.13 (Decomposition into Interval Mapping Functions). Any permutation generation function

W:{t{O,...,.n—l}—>{0,...,n—1} with res,
i (i)

can be decomposed into a fusion of concatenations of two families of interval mapping functions,

k-1
™= Urjowj_l,
j=0
with
- {0,...,m; —1} = {0,...,n—1}
T )i (4, 5)
and

i—w (i, 5)

w'.{{0,...,mj—1}—>{0,...7n—1}

Theorem 7.14 (Decomposition w.r.t. Interval Mapping Functions). For any family of interval mapping
functions
. {0,...,n;, =1} - {0,...,n—1}
bit. ith b, : :
{ J}gzo,...,k—l w J {Z — b](Z)
that factors the identity by
k—1
id, = (J b;b; ",
§=0

a permutation matrix

with 7 €8S,

. {{O,...7n—1}—>{0,...,n—1}

i (i)
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can be expressed as
and

Definition 156 (Input Locality). A split permutation generation function
k-1
T = Urjow;1 with 7 €S,
7=0

and the corresponding interval mapping family

{0,...,nj—1} = {0,...,N -1}

ol with 7, :
{ ]}_720,.--7771_1 J {Z — TJ(Z)

has input locality
A <{Tj}j:0,..4,m—1) :

Definition 157 (Output Locality). A split permutation generation function
k—1
T = Urjowj_l with 7 €8S,
7=0

and the corresponding interval mapping family

0,....n; =1} > {0,...,N —1}

wsl with  w; :
{ J}jzo,.“,mfl ! {ZHTJ(Z)

has output locality
A ({wj}jzo,...,m—l) :

Definition 158 (Additive k-Separability w.r.t. Input Locality). A permutation generation function

{0,...,n—1} > {0,...,n—1}

m  with FESn:{. ]
i m(i)

is additive k-separable with respect to an input locality

¢ = {Ij }j:o,...,mq

if ™ can be factorized into two additive k-separable families, i.e.,
m—1
™= U r;o w;l
7=0

and if {r;};=0...,m—1 and {w;}j=0... m—1 are additive k-separable and

A<{Tj}j:0~.,m71) = o.
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Definition 159 (Additive k-Separability w.r.t. Output Locality). A permutation generation function

{0,....,n -1} = {0,...,n—1}

m  with WESHZ{. )
i+ m(i)

is additive k-separable with respect to an output locality

U= {I] }j:O,,,.,m—l

if m can be factorized into two additive k-separable families, i.e.,
m—1

T = U T owj_1 with
7=0

and

A<{wj }j:O.H,mfl) =¥.
Definition 160 (Additive k-Separability). A permutation generation function

{0,...,n—1} > {0,...,n—1}

m  with FESn:{. ]
i m(i)

is additive k-separable if an input locality ® exists that 7 is additive k-separable with respect to input
locality @ or if an output locality ¥ exists that = is additive k-separable with respect to output locality W.

Definition 161 (Additive Separability w.r.t. Input Locality). A permutation generation function

{0,....n—1} = {0,...,n—1}

m  with ﬂESn:{. )
i m(i)

is additive separable with respect to an input locality

¢ = {Ij}j:ow,,mfl
if it is additive 1-separable with respect to input locality ®.
Definition 162 (Additive Separability w.r.t. Output Locality). A permutation generation function

{0,....n—1} = {0,...,n—1}

m  with 7T€Sn:{_ )
i w(i)

is additive separable with respect to an output locality

V= {Ij}j:O,...,mfl

if it is additive 1-separable with respect to output locality W.

Definition 163 (Additive Separability). A permutation generation function

{0,....n—1} = {0,...,n—1}

m  with WESnZ{. .
i m(i)

is additive separable if an input locality ® exists that 7 is additive separable with respect to input locality
® or if an output locality ¥ exists that 7 is additive separable with respect to output locality .
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7.3.2 Splitting Permutations into Iterative Sums

Theorem 7.15 (Permutation Splitting). The permutation matrix
perm ()

generated by an permutation generating function

W'{{O,...,nl}%{(),...,nl}

1 7(7)
with
m—1
= U rjow; TE S,
j=0
can be expressed by the iterative sum
m—1
n,m; TL m
perm (m) = > SIT0 ) Gl -
7=0

Theorem 7.16 (Permutation Additive k-Splitting). The permutation matrix
perm ()

generated by an permutation generating function

W.{{O,...,nl}%{(),...,nl}

1 7(7)
with

m—1
Ur]ow TE S,
J=0

that is additive k-separable can be expressed by the iterative sum

m—1
_ () ()
perm (1) = > S5 v @) Gilor Oy 0
§=0
Theorem 7.17 (Permutation Additive Splitting). The permutation matrix

perm (7)

generated by an permutation generating function

7T.{{O,...,n—l}—){(),...,n—l}

1 7(i)
with
ﬂ:Urjowj_l TE S,

that is additive separable can be expressed by the iterative sum
m—1
n,m
perm Z Sz»—)b“’(g)+9w () Gi»—>b"(j)+s”’(i) :
7=0
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Theorem 7.18 (Permutation Linear Splitting). The permutation matrix
perm (7)

generated by an permutation generating function

7T.{{0,...,n—1}—>{0,...,n—1}

)
with

m—1
W:Urjowjfl TES,
Jj=0

that is linear separable can be expressed by the iterative sum

[y

m—

— n,m n,m
perm (ﬂ-) - z : Si}—)u“’+v“’j+sw(i) GiHuT+vTj+sT(i) .

j=
7.3.3 Basic Permutations
Definition 164 (Identity Permutation Generating Function). The identity permutation

I, = perm (2,)
is generated by

. {{0,....,71—1}—>{O7...,n—1}
i

Theorem 7.19 (Linear Separability of Identity Permutations). The identity permutation

I, = perm (2,)
is for all k|n linear separable with respect to the input locality

Oy = {{j%+i:i:o,...,%—1} :j:O,...,k—l}

and output locality

\Ilk:{{j%Jri:i:O,...,%—l}:j:O,...,k:—l}.

Corollary 7.5 (Identity Permutation Splitting). The identity permutation
I, = perm (2,)
can be expressed by the iterative sum

k
n,% n,%
L,=S smk, qrk . Kln.

I
-

i B4 i R

<
Il
o

Lemma 7.1. The identity permutation generating function ,, can be factored into

k—1
zn:Urjow;1 . kin, (2)
§=0
with
N R CUTR e S R (RSN Y
T lie iR 4
and

w'_{{0,...,2—1}—){0,...,n—1}

i Jrti
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Definition 165 (Opposite Diagonal Permutation Generating Function). The opposite diagonal permutation
Jn = perm (7y,)

is generated by

]n:{{O,...,n—l}—>{0,...7n—1}

t—n—1—1

Theorem 7.20 (Linear Separability of Opposite Diagonal Permutations). The opposite diagonal permuta-
tion
Jn = perm (3,,)

is for all k|n linear separable with respect to the input locality

@k:{{j%—i—i:izo,...,%—l}:j:O,...,k—l}

and output locality
\I/k:{{j%+i:i:(),...,%—1} :j:o,...,k—l}.
Corollary 7.6 (Opposite Diagonal Permutation Splitting). The opposite diagonal permutation
Jn = perm (3,,)

can be expressed by the iterative sums

k-1
_ n,x n, %
Jn = E :Smj%ﬂ' GiH(nfl)fj%fi . kln
j=0
and
k—1
n.n n.n
— 'k 'k
Jn = Si»—>(n—1)—j%—i ij%ﬂ , kln.
=0

Lemma 7.2. The opposite diagonal generating function 7, can be factored into

k—1
In = LJTJ’OU)j_1 ’ k|na (3)
j=0
with
- {o,...,%2 -1} = {0,....,n—1}
T lim(n—1) - 50—
and

w"{{0,...,2—1}%{0,...,71—1}

i Jrti

Lemma 7.3. The opposite diagonal generating function 3, can be factored into

k—1
In = Urjow;1 ) k|n7 (4)
7=0
with
{o,...,% -1} = {0,...,n—1}
Tt
Tl iR 4
and

wl.{{0,...,2—1}%{07...,n—1}

iy (n—1) —j% —
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Lemma 7.4. Factorizations (2)-(4) have input locality

A({?“j}jzo__,,m,l) ={{j%+i:i=0,...,%—1} :j:O,...,k—l}

and output locality

A{widcg o) = {{ip +izi=0 2 =1} i=0, k=1

7.3.4 Stride Permutations

Definition 166 (Stride Permutation Generating Function). The stride permutation
L™ = perm (£72™)

is generated by
{0,...,mn -1} = {0,...,mn — 1}

ont e Qo {(zm) mod (mn —1) ifi<mn—1
1=

m

mn — 1 ifi=mn-1
Corollary 7.7 (Stride Permutation Generating Function). The stride permutation
LI = perm (£27)

is generated by
gmn . {0,....,mn—1} - {0,...,mn — 1}
™ i [£] + m(i mod n)

Theorem 7.21 (Linear Separability of Stride Permutations). The stride permutation
LI = perm (£27)
is linear separable with respect to the input localities

Py = {{j+im:i:0,...7n—1}:j:(),._.’m_l} as well as
®, = {{jeri:i:(),...,m—l};j:(),,“’nfl}

and output localities

Uy = {{jn—l—i:izO,...,n—l}:j:O,...,m—l} as well as
v, = {{jJrin:i:O,...,m—l}:j:O,...,nfl}.

Corollary 7.8 (Stride Permutation Splitting). The stride permutation
L" = perm (£7)

can be expressed by the iterative sums

m—1
mn __ 2 : mn,n mn,n
Lm - Si>—>jn+i Gir—>j+im
§=0
and
n—1
mn __ 2 : mn,m mn,m
Lm - Si»—>j+1'n Gi»—>jm+i .
=0
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Lemma 7.5. The stride permutation generating function ¢]'" can be factored into

m—1
Gt =J ryouwy (5)
j=0
with
. {0,....,n—1} = {0,...,mn — 1}
7 )i i +im
and

. {{0,...,n1}%{0,...,mn1}
T lie inti
Lemma 7.6. Factorization (5) has input locality

A{rs} o) = i +imei =0, in=1}:j=0,..,m~1}
and output locality

A({wj}j:O.A.’Wl) —{{jn+ii=0,...n—1}:j=0,...,m—1}.

Lemma 7.7. The stride permutation generating function ¢]'" can be factored into

n—1
= ryouy! (6)
§=0
with
. {0,....m—1} = {0,...,mn — 1}
T )i gm o+
and

{0,...,m—1} - {0,...,mn — 1}
wj
7 lis i +in
Lemma 7.8. Factorization (6) has input locality
A({Tj}j:O..‘,mfl) ={{i/m+i:i=0,...om—1}:j=0,...,n—1}

and output locality
A({wj}j:()‘..,me ={{j+in:i=0,....m—1}:j=0,...,n—1}.

7.3.5 Affine Permutations

Definition 167 (Affine Permutation Generating Function). The affine permutation
Ay, = perm (O‘Z,b) , afn

is generated by

, atn.

an.{{o,...,n1}»{0,...,711}

i+ ai+bmod n
Corollary 7.9 (Affine Permutation Generating Function). The affine permutation
A =perm(al) , afn , a|n+1

is generated by

AZ:{{O,...,n—l}—){(),...,n—l}

i V&J + a(i mod )
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7.3.6 Multiplicative Structure Permutations
Definition 168 (Multiplicative Permutation Generating Function). The multiplicative permutation
K3, = perm (HZL’O , n prime and a primitive element in Z,,

is generated by

. .{{0,...,n—2}—>{0,...,n—2}

Ky .
“b " Vi (ba' mod n) — 1

8 Manipulation of Iterative Sums

8.1 Fusion of Compatible Sums
8.1.1 Fusing General Sums

In the following, the product
AB

of two iterative sums

3
L

S
I

Spi®d Ay Gl Ay e CreaXmi A e CNoXN

w

<.
I
o

and

WBRB,k

m—1
B = § g1k By Gi\gibo,k , By e CrurXnok B e CN*xNo
k=0

is considered.

Theorem 8.1 (Fusion of Iterative Sums: A({f;}) Compatible). If

A( {TA-,]'}j:O,...,mfl ) = A( {vak}k:O,...7m71 )

the product (7) can be fused into a single iterative sum
m—1 N
_ N3,n3 ) —1 . 0,70, 7 (5)
AB = Z Swi,?s 7 Ajperm (anr(j) © TA,J) Br) GTB,WS') ’
j=0

with a permutation

. . ) TrESm,
i m(i)

. {{0,~--,m—1}—>{0,...m—1}
satisfying the condition
A(ray) = Mwp i) Vji=0,...,m—1.
Theorem 8.2 (Fusion of Iterative Sums: A(f;) Compatible). If
A(raj) =AM(wp,;) Vji=0,....m—1

the product (7) can be fused into a single iterative sum

m—1
N3,ns_; —1 No,no,;
AB = E Swi,j&] Aj perm (wB)j ) ’I"A,j) B; G”;j 07,
Jj=0
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Theorem 8.3 (Fusion of Iterative Sums: f; ;) Compatible). If a permutation

0,....m—1} - 4{0,...m—1
7 { . P } , TE Sy,
i mw(i)
exists that
TAj = WB x(4) Vi=0,...,m—1,
the product (7) can be fused into a single iterative sum
m—1 N
Na,nz, M0,7(j
AB =Y SN A;jBrj) Grgn o7
§=0
Theorem 8.4 (Fusion of Iterative Sums: f; Compatible). If
raj=wp; Vj=0,...,m—1,
the product (7) can be fused into a single iterative sum
m—1
Ns,ng. ; No,no.;
AB = SI3mss A;B; GNomos
§=0
8.1.2 Fusing Sums With Additive Gather and Scatter
In the following, the product
AB
of two iterative sums
m—1
A= STemes A;GNR . Aj e Creaxn Ae CVN
Jj=
and
m—1
B=>Y S\r BjGYorei | B;eChmi, BeCV M
3=0

with additive separable functions

’I”AJ .

{0,....,n—1} - {0,...,N -1}
i—b(j) + s(7)

and
w0 =1 = {0 N -1}
B i ) +200)

is considered.

Theorem 8.5 (Fusion of Iterative Sums: A({f;}) Compatible). If

A(b(j)) =A(c(s)) and A(s(j)) =A(t(j)) Vi=0,...,m—1

the product (8) can be fused into a single iterative sum
m—1

AB= Z Sg‘i’:“ Aj perm (t_1 o 3) B GN0’7L°’”(j)

TB,x(j)
j=0
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with a permutation

ﬂ_.{{O,...,m—l}—){(),...m—l}
i w(d)

satisfying the condition
b(j) =c(n(4)) Vj=0,...,m—1.

Theorem 8.6 (Fusion of Iterative Sums: A(f;) Compatible). If
b(j) = c(j) and A(s(j)) = A(t(j)) Vji=0,...,m—1
the product (8) can be fused into a single iterative sum

m—1
AB= Z Sﬁ;’gw Aj perm (t_l o s) B; Gi\g’fo*f .

Jj=0

Theorem 8.7 (Fusion of Iterative Sums: f;;y Compatible). If

A(b(j)) = A(c(j)) and s(j)=1t(j) Vj=0,...,m— 1

then a permutation

0,....m—1} - 4{0,...m—1
w:{jHﬂ_@) b= } , T ESm,
exists that the product (8) can be fused into a single iterative sum
m—1
45 =5 S a5 G
3=0

Theorem 8.8 (Fusion of Iterative Sums: f; Compatible). If
bj) = () and s() =t(j) Vj=0,...,m—1.

the product (8) can be fused into a single iterative sum

TB,j

m—1
_ N3.ns; A .. 1No,no,;
AB =Y 8Nomss A, B; GNomos
j=0

8.1.3 Fusing Sums and Diagonals
Corollary 8.1 (Commuting Gather with Vertical Stack). For

AjeC™m | 0<j<k

and

i—7r(7)

r.{{0,...,1—1}—>{0,...,k—1}

it holds that
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Corollary 8.2 (Commuting Gather with Overlapped Direct Sum). For
AjeC™™ | 0<j<k

and
. {0,...,1—1} = {0,...,k—1}
i (i)

it holds that

k—1

km,lm
Gr@zm

- -1

k(n—t)+t,In

A | =[P4 S
=0 =0

Corollary 8.3 (Commuting Gather with Direct Sum). For
AjeCc™m | 0<j<k
and
. {0,...,01—1} =»{0,...,k—1}
i (i)
it holds that
k-1 -1
km,l _ kn,ln
Grgzr,,:n @AJ = @Ar(j) Gr®znl'
§=0 §=0
Corollary 8.4 (Commuting Gather with Diagonals). For

I3 {0,...,N—-1} > C
i £

and

D CPRES VER (S

i (i)
it holds that
GN diag(f) = diag(f o) G

Corollary 8.5 (Fusing Sums with Diagonals). Any product

m—1
A=Y sl A; G| diag(f)
2 _
with
Iy {0,...,N -1} = C
i ()

can be written as
m—1

A= S A;diag(f;) GY™
j=0
with
f" {O,...,nj—l}—>(C
Tolie (Fory()
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Corollary 8.6 (Commuting Scatter with Horizontal Stack). For
AjeC™™ | 0<j<k

and

i— w(i)

w_{{07...,1—1}—>{0,...,k—1}

it holds that
H | 4, skl = H | 4wy

Corollary 8.7 (Commuting Scatter with Overlapped Direct Sum). For
AjeCcm™m o 0<j<k

and

i w(i)

w.{{07...,l—1}—>{0,...,k—1}

it holds that

N

-1

n,ln kn Jn
;s =000 (@ v

WL w®m,

I
=)

J
Corollary 8.8 (Commuting Scatter with Direct Sum). For
AjeC™™ | 0<j<k

and

w - {0,...,1—1} = {0,...,k—1}
i r(d)

it holds that
k—1

kn,n _ gkm,m
Aj | Shelt =S @Aw(j)

WRy, WR

I
o

J
Corollary 8.9 (Commuting Scatter with Diagonals). For
s o N1 e
i £
and

i—r(7)

. {{0,...,n—1}—>{0,...,N—1}
it holds that
diag(f) SN = SN diag(f o w).
Corollary 8.10 (Fusing Diagonals with Sums). Any product

m—1
A= diag(f) | Y SN A; G

Jj=0

with

I3 {0,...,N—-1} > C
i £
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can be written as
m—1

A= 8 diag(f;)A; G
j=0
with
f{_{{m.”7nj—1}—+c

T i (f ow;)(3)

Example 8.1 (Fusing Diagonals with Tensor Products). This example shows how to obtain a single iterative
sum for the construct
(A, ®1,)diag(f) with A, € C™*"

with
Iy {0,....mn—1} = C
i )
Theorem 7.8 provides

i—=j+im i—=j+im

m—1
An ® Im — Z Smn,n An Gmn,n (11)
7=0

leading to
m—1
(An ® L) diag(f) = | Y Sith,,, An GIL,,, | diag(f)
j=0

Application of Theorem 8.5 introduces the diagonal generating function f; given by

. {0,....n—1}=>C
T i f(G +im)

and leads to
m—1

(An @Iy, diag(f) = Z S bim An diagi=y (f(7 +im)) G4, -

j=

8.1.4 Fusing Sums and Permutations

Theorem 8.9 (Fusing Sums with Permutations). Any product

m—1
A= Z ng?"j A; Gi\;’”f perm(m)
§=0
with

...N—1 ..N—1
F:{{o,, } = {0,..., b with xS

i+ m(i)

can be written as

=

m

A= "8 A G

7TO'I’_7’
j=0

Theorem 8.10 (Fusing Permutations with Sums). Any product
m—1

A = perm(m) Z ng’_"j A Gi\;’nj
=0
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with

) . with 7€ Sy
i+ m(i)

F.{{0,...,N—1}—>{0,...,N—1}

can be written as
m—1

N,n; N,n;
A= DS A G

Jj=0

Example 8.2 (Compatible Stride Permutation). This example shows how to obtain a single iterative sum
for the construct
(I, ®A,) L™ with A, € C™*™. (12)

In construct (12) the tensor product exactly matches the stride permutation. Theorem 7.5 provides
m—
Im ®A = Z SZZL]ZJrz Ggljz+1
j_
Corollary 9.1 provides

L™ = perm (£27)

with

mn 110,...,mn—1} = {0,...,mn —1}
g i )
i~ [£] +m(i mod n)

(12) thus is expressed by

m—1
(Im ®An) Lﬁn = Z Zn»—:L]ZJrz G:ZLJZ+Z perm (E%n) . (13)
7=0

Applying Theorem 8.9 with

i n4i

T'_{{0,...,n—1}_>{07”_’mn_1}

and

_ pmn
T=00

o (13) leads to
cey,n—1} — -1
ﬂorj:{{o’ ,n—1}—={0,...,mn—1}

i |22+ m((jn+i) mod n)

Lemma, 6.9 provides

VTH_ZJ =4 for 0<i<n

and Lemma 6.12 provides
(jn+i)mod n=1¢ for 0<i<n.

Thus, simplification leads to

0,...,n—1} = {0,...,mn—1
Worj:{{, T } {7 TR }

1 J+mi
and finally
m—1
7=0
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The family
oo,n—1}— .,omn—1
7=0 m—1

1 J+im

[RRRE

is additive separable with
b(j)=j and s(i) =mi

R {0,...,n*1}‘>{0""7mn71}
{wj} - {{l = jn 41 }jzo,...,m—l

is additive separable with

and the family

b(j) =jn and s(i)=1.

Example 8.3 (Stride Permutation—Too Many Loop Iterations). This example shows how to obtain a single
iterative sum for the construct

(Trm @A) LE™™  with A, € C™™, (14)

In construct (14) the tensor product has too many iterations to match the stride permutation. Theorem 7.5
provides

km—1
_ kmn,n kmn,n
Lim ®Ap = E SiHjn+i AGiHjnJri
=0

Corollary 9.1 provides
LEm™ — perm (ézm”)

with
gkmn: {077kmn_1}_){07,kmn—1}
; i— | == ] 4 k(i mod mn)

(14) thus is expressed by

km—1
mn kmn,n kmn,n mn
(Lkm ©An) L'zi = Z Sicsjnti A Giljnys | perm (ﬁﬁ ) : (15)
Jj=0

Applying Theorem 8.9 with

o {0,....,n—1} = {0,...,kmn — 1}
T )i— n+i

and
T= Kﬁm”

to (15) leads to

oy N0 =1 5 {0, ke — 1
Tl LMJ +k((jn+i) mod mn)

mn

{WHJ _ V N ZJ
mn m mn

V”“J:M for 0<i<n.

Using

and Lemma 6.10 leads to

mn m

Lemma 6.11 provides
(jn 4 i) mod mn = (jn mod mn) + (i mod mn)
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and Lemma 6.13 provides
jn mod mn = n(j mod m).

Thus, simplification leads to

or {0,...,n—1} = {0,...,kmn — 1}
Tor;: ,
T li i | £ | + kn(j mod m) + k(i mod mn)

and finally
km—1

kmn _ kmn,n kmn,n
(Ikm ®A Z SIHJ”‘HA G \_ J-&—kn(] mod m)+k(i mod mn)

The family

trory = d J{0n =1} > {0, kmn — 1)
TOoT;; = z'—>1'—>L J+kn(] mod m) + k(i mod mn) =0, km—1

=0,...,

is additive separable with
b(j) = L{lJ + kn(j mod m) and s(i) = k(i mod mn)

and the family
{0,....,n—1} = {0,...,kmn — 1}
{w;} = {{ L
7=0,....km—1
is additive separable with
b(j) =jn and s(i) =1.
Example 8.4 (Stride Permutation-Not Enough Loop Iterations). This example shows how to obtain a
single iterative sum for the construct

(I, @Apn) LEM™ with Ay, € Crnxkn, (16)

In construct (16) the tensor product has not enough iterations to match the stride permutation. Theorem
7.5 provides

m ®Akn _ Z Skmn kn Akn G{cmr},kn

i—jkn+i i—jkn+i
Corollary 9.1 provides
Lk:mn = perm (gkmn)

with
ghmn | {0,...,kmn—1} = {0,..., kmn — 1}
i— | L]+ km(i mod n)

(16) thus is expressed by

-1
(In @Apy,) LEmm = ghmmkn - g, GFmET Y berm (Ekm”) ) (17)

3

i—jkn+i i—jkn+i

<
I
o

Applying Theorem 8.9 with

o {0,...,kn—1} = {0,...,kmn — 1}
7 ie jkn 4

and
T = Ekmn
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o (17) leads to
{0,...,kn—1} - {0,...,kmn — 1}
AR PR {MT'HJ + km((jkn + i) mod n)

R
e bl

(jkn +1) mod n = (jkn mod n) + (i mod n)

Using

and Lemma 6.14 leads to

Lemma 6.11 provides

and Lemma 6.15 provides
7kn mod n = 0.

Thus, simplification leads to

{0,....,kn—1} = {0,...,kmn — 1}
mor;j e ; _
i jk+ | L] 4 km(i mod n)

and finally
m—1
kmn __ kmn,kn kmn,kn
(L @Apn) Lig" = Z;) Sis ki Akn Gi»—»jk-&-L%J-ﬁ-km(i mod n)
]:

The family

{ror,} = {0,..'.,kn—_1}—>{O.7,_.7k;mn_1}
i jk+ | L] 4 km(i mod n) o

is additive separable with

b(j) = jk and s(i) = m + km(i mod n)

() = {{{Q...,kn—l} {0, kmn — 1) }
j=0,...,m—1

i jkn—+i

and the family

is additive separable with
b(j) = jkn and s(i) =1.

8.2 Exchanging Order of Iterative Sums

Theorem 8.11 (Horizontally Stacked Matrices). For a horizontally stacked matrix

N-1 -1
Mm, MNn, .
A= [ | ] SSsMmm A GMN with Ay, € €,
k=0 J=0

the horizontally stacking can be pulled in leading to
M—-1 N-—1

A= ST sk ] ] aaMymie

‘ HRso Tk
j=0 k=0

86



Theorem 8.12 (Vertically Stacked Matrices). For a vertically stacked matrix
N-1 p—1
=[] SN M with Ay € O
k=0

Jj=0

the vertically stacking can be pulled in leading to

M-1 N-1
A — SMNT;TI’L 7:| AJ & GMn,Mn
=0 Wi,k ’ i
Jj=0 k=0
8.3 Loop Unrolling
Theorem 8.13 (Loop Unrolling). A iterative sum
p—1
A=>"83bm A, G with Aj € CmaXT
§=0
is fully unrolled by
“am pl NP n
A= S ~0 A | G
J 0 ) Hj:o Tj
7=0
Corollary 8.11 (Loop Unrolling). If
p—1
ij =M and Zn] =N,
§=0

the iterative sum 1
P

A= Z Sﬂi’mj Aj Gi\;,nj with Aj € Qmixny
j=0

is fully unrolled by
-1
— p—1 -t g p—1
A = perm ([ J5= Owj) A; | perm (szorj) .

J

I
=)

Theorem 8.14 (Splitting of Iterative Sums). A given iterative sum
A= Z Sp, " A;GYM with  Aj € CMarn
is split with respect to a partition of the p iterations
qg—1

{0,....p=1}=|J Jx with JinJ;=@fori#;j
k=0

-1
A= qz > sphma A G

k=0j€J)
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Corollary 8.12 (Partial Loop Unrolling). A given iterative sum

A= Z ngxmj 14‘7 G"JA\;,TLJ' with A] c (ijan

j=0
is partially unrolled with respect to a partition of the p iterations

qg—1
0,....p—1}=J Jr with J;nJ;=0 fori#j
k=0

by
a—
m, N> n
JG Jk J Jje lk J
Z JE l;‘ @ A G JE l;‘ ’
k=0 JE€Jk
Corollary 8.13 (Partial Loop Unrolling for Fixed Matrix Size). A given iterative sum

p—1
A=) S A G with A e €

j=0
is partially unrolled with respect to a partition of the p iterations

qg—1
0,....,p—1}=J Jn with J;nJ; =0 fori#j
k=0

q—1
M,|J N,|J
A= S @Ay,
Hyes, wi ljes,™
k=0 j

Corollary 8.14 (Partial k-fold Loop Unrolling). If

b=qr,
a given iterative sum
p—1
A=Y "Sim A G with A e €
j=0

is r-fold partially unrolled by

A= § SM @ A G2
0wk7+l ,0 Tk7+l

l

and g-fold partially unrolled by

l 0 Wk+l1q 0 Tk+lg

qg—1
A= Aol
l
=0
Corollary 8.15 (Gather/Scattter Splitting). A given iterative sum

p—1
A=>"8ubm Ay G with Ay € €T
j=0

is partially unrolled with respect to a partition of the p iterations

qg—1
{0,....p—1}=J Jn with J;nJ;=0 fori#j
k=0
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qg—1
A ZSIL{-,ZJ'GJk mg Z g JEJk mj,m; A-GZjEJ’“ n;,n; GN’ZjEJk n;
o [7]j€]kw]‘ =ity reJy Mr I iy reJy Mr [7]jejkr.7 :
]eJk r<j r<j

Corollary 8.16 (Gather/Scatter Splitting for Fixed Matrix Size). A given iterative sum

p—1
A=>"Spbm A G with A; e €
j=0

is partially unrolled with respect to a partition of the p iterations

qg—1
{0,....p—1}=J Jn with J;nJ;j=0 fori#j
k=0
by
qg—1
o M,|Ji|m | Tk |m,m | Jk|n,n N,|Jg|n
A= SH].Eka]- Z Su—n-‘r]m A Gz»—>z+yn G[f]jek,krj )
k=0 jeJk

Corollary 8.17 (mn Gather/Scatter Splitting). If

p=gqr,
a given iterative sum
p—1
A=D"Sphm A G with A; e €
§=0

is gr split by

q—1 r—1
M,rm m rn,m N,rn
A= S 1 <§ : Szr—)erlm AkT'H Gz»—)z+ln> G _r—1
l

(=0 Wrr+t (20 TRr+t
k=0

and rg-fold split by
2 : M qm § : qn,n N,qn
A= S 1§ o Whiq < SZ’—”'Hm Aktiq GiHH‘l”) G[*]?:_olrkﬂq '

8.4 Fusion of Incompatible Sums

Definition 169 (Fuseable Incompatible Iterative Sums). A product
AB

of two iterative sums

3
L

A=) Shered A;GRT with Ay € CeaXnza

W1,j

<
Il
o

and

N,ny ; - No,no,; : . i Xno,j
B =Y Sy BG4 with A € CMoXnos

are fuseable incompatible, if

m—1 n—1
U A1) = U Awoy)
j=0 §=0

but

A{r1sbimg, ) #A({w0s} 2o 0)-



Theorem 8.15 (Partitioning into Compatible Subsets). For two families of index mapping functions

{Tj}jeM and {wj}jeN

with
U Alry) = U Alwy)
JjeEM JEN
but
A{ridsen) # A({ws}jew)
partitions
k—1 k—1
M=|JM; and N=|[]JN;
j=0 j=0

with minimal
|M;| and |N;| Vjwith0<j<k

A({Frewr) ) =4 (w0

Corollary 8.18 (Compatibility by Partial Unrolling). A product

exist, that

AB

of two fuseable incompatible iterative sums

m—1
_ R,z 4. 1Rn2,; : ) ng j Xna,
A= E Swi® Ay G with - Ay € Creame
Jj=0
and
n—1
_ Rny (1 Ro,no,; . ) ni,j Xno,;
B =S 8Rma B GRoms with A; € CMaXms
J=0

is transformed into a product of two compatible iterative sums by applying Theorem 8.15 with

{ritien ={riitico mo and Awid;cny =A{wo ;.1

and using Corollary 8.12 leading to

R3,>° M; 3.5 RZ M; 2,5
A=Y"8 e P 4,6 7F
-] jem,; Wi.j geM 1,5
1=0 JEM,;
and
k—1 RZ Ro,>
N; 15 05 N; 0.5
B=3) S, ¢ b G, :
JEN Wo, j JEN 70,5
=0 JEN;

Corollary 8.19 (Compatibility by Iteration Splitting). A product

AB
of two fuseable incompatible iterative sums
m—1
A=) Simed A;GIE29 with  Aj € X2
7=0
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and
n—1

B=) S&miB;GRomos  with Aj € Craxnos
j=0
is transformed into a product of two compatible iterative sums by applying Theorem 8.15 with
{Tj}jeM = {Tlaﬁ'}j:o,...,mq and {wj}jeN = {wod}j:O,...,nfl

and using Corollary 8.15 leading to

k—1

A= SR3*ZyeM n3,j Z g > jem; ™3,5M3,5 4 GZ]‘EMi n2,5,M2,; GR’Z]‘GI\/Ii na,;j
Hyen,wr, Wit renm; 3 ) T ren; na,r (Hjen, 1.5
1=0 JjeEM; r<Jj r<j )
and

k—1

B— SR’Z.iGNi " Z S Djen, MM . szem 70,5510, R0, en; 0.5

- [*]jeNi’wo,j =i+ reN; N ) i)Y reN; N0, [*]jeNi T0,j :

=0 JEN; r<j r<j )

Corollary 8.20 (Compatibility for Fixed Matrix Size by Partial Unrolling). A product

AB
of two fuseable incompatible iterative sums
m—1
A=) S A;GREM with A € C™™m
j=0

and

B= ZSR "0 By Grome with  A; € CMoxXm

is transformed into a product of two compatible iterative sums by applying Theorem 8.15 with

{ritjens ={ritjco, mo and {wsbien s =A{wos}, o,y
and using Corollary 8.12 leading to

§ : JV‘M‘ml @ A GRlM [n1
eMl“’l Fi JeM 71,5
1= ]e[\/[
and
R,|N; Ro,|N;
B= Es“mo @ B G
JEN Wo, j JEN 70,5
JEN;

Corollary 8.21 (Compatibility for Fixed Matrix Size by Iteration Splitting). A product

AB
of two fuseable incompatible iterative sums
m—1
Rs, R, :
A= Swsy :’“ Aj Grl';l with A; e C™*™
§=0

and

B=> Skmop;Gllore with A; e Cmoxmo

wo,
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is transformed into a product of two compatible iterative sums by applying Theorem 8.15 with

{rj}jeM = {lej}j:O,...,mfl and {wj}jeN = {woyj}jzo,“.,nq

and using Corollary 8.15 leading to

[7]jeMtw1‘j i—=i+jmy i—=it+jing [7]]'61\%7‘1'-7

k—1
A= SR3,|Mt\m1 S|]\/ft\m17m1 A G\Mt|"1,7l1 GR7|Mt|n1
= g E i G,
=0 jeM,

and

k—1
_ R,[N¢|mo [Nt|mo,mo 1y ~|NtIno,no Ro,|N¢t|no
B = Z SHjewaOJ Z Sisitimo Bi Gicyiting GHKMTOJ :
t=0 ) JEN: )
Example 8.5 (Fusion of Incompatible Loops). The construct

3r—1
A= (DFT3®1) P Ra,
j=0

should be implemented as a single loop. Theorem 7.8 provides

2r—1
67,3 67,3
DFT; @l = % S350, DFT3 G315,
Jj=0
and Theorem 7.2 provides
3r—1 3r—1
_ 67,2 67,2

@ Ra, = Z Sis2jti Rew GilJojpi-
=0 =0

The definition of

for 0<j<2r

. {0,1,2} = {0,...,6r —1}
T i+ 2ri
and

j for 0<j5<3r

{0,1} = {0,...,6rj}
i 2j+i

leads to
2r—1

U A(ry) ={o,....6r — 1}
=0

and
3r—1

U A(w;) ={0,....6r — 1}
j=0

but from the definition of
{rj}j:o,...,qu and {“’j}jzo,.“,?,r—l

and Lemma 6.2 follows that

A<{rj }jzo,...,zr—l) # A({wj}jzo,...,3r—1)'

Thus, the product is fuseable incompatible. Definition of

M=H{0,...,2r—1} for N ={0,...,3r—1}
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and application of Theorem 8.15 with {r;};car and {w;};en leads to the partitions
My :={2k,2k+1} for 0<k<r

as well as
Ny :={k,k+nrk+2r} for 0<k<r

Definition of

7"'17k = [7} ri,; for 0<Ek<r
Jj € My
with
|[Mg|=2 forany j:0<j<r.
leads to

0,...,5) > {0,....6r — 1}
Tk e 2k + 2ri for0<i<3 with 0<k<r
i
U+ 1+2r(i—3) for3<i<6

and further simplification leads to

) '{{0,...,5}—>{0,...,6r—1}

T . ith 0<k<r.
B Yies 2k 4 |2 £ 2rGmod 3) =

The same operation leads to

Wy, = [*] wy; for 0<k<r
J € My
with

(T ) with 0<k<r.
MR 2+ (2] + 2r(i mod 3) =

) _{{0,...,5}—>{O,...,6r—1}

Definition of

o) = [7] ro,; with 0<k<r
J € Ng
with
[N,|=3 forany j:0<j<r
leads to
{0,...,5} > {0,....6r — 1}
2k +1 for 0 <i <2
Tok 4 . e ) o _Z_ with 0<k<r
’ i 92k+2r+(i—2) for2<i<4
2k+4r+(i—4) ford<i<6

and further simplification leads to

) .{{O,...75}—>{07...,6r—1}

Tok - . ith 0<k<nr.
OF Vi 2k +2r 4] + (fmod 2) =

The same operation leads to

w = [7] wo,; with 0<k<r
J € Nk
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with

with 0< k<.

) 0,...,5) = {0,...,6r—1
wh
Ok i s 2k + 2r | 4] + (i mod 2)

This provides loop compatibility by

A <{r/1,j }j:O,..‘,r—1> =A <{w6’j}j:0wﬂ—1> '

Now the loops can be fused. Theorem 8.2 must be applied as

A (ri)j) =A (wgﬁj) for 0<j<r

but
r; #wpy; for 0<j<r

o /
T =W, ©TL e

The pseudo inverse of wy ; is given by

w1, {20,254 120 4 2,20 + 2+ L dr + 2j,4r 4+ 27+ 1} = {0, 5)
07 i+ (i mod 2) +2 |5
and

-1

o /
7Tj 7’lU07j O’I’Lj

leading to

7'(‘]':

{0,...,5} = {0,....6r —1}
i ((2]' + [ %] +2r(i mod 3)) mod 2) +2 FFFL?’»J‘*‘ZU mod 3)J
which simplifies to

{0, > {0, 6r— 1}
" i 4] + 20 mod 3)

In addition,

=13
finally leading to
r—1 3
A= = S?»:;;f\_éj+2r(i mod 3) (I ® DFT3) L3 g R G?»:;;fZTI_%J+(i mod 2)°

Note, that the simple formula manipulation

3r—1 r—1

(DFT3 @ 1a,) ) Ra, = (2@ DFT5)™ @1, ) @ (Ras, ® Ragyys @ Rasyya )
j=0 P

would immediately produce compatible iterative sums.
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9 h-Separability of Permutations

Definition 170 (Index Mapping Functions). Index mapping functions are of form

ik,jl €N7
. {107 7Z’m} — {JOa a.]n} with 0 S k S m, )
i f(7) 0<i<n,
m<n

Definition 171 (Concatenation of Index Mapping Functions). The concatenation of the two index mapping
functions
I1—=J J—=> K
f9. . and g: 9. :
i f(i) i g(i)
is given by the index mapping function
I+ K
gof:y. .
i g(f(2)).
Definition 172 (Cross-Product of Index Mapping Functions). The cross product of the two index mapping

functions
I K L
f:9. _>J. and g:1q - ‘
i f(i) jg(j)

is given by the index mapping function

fxg: {1 x K = JxL
TG = (1) 9))

Definition 173 (Restriction of Index Mapping Functions). For an index mapping function f with

Iy I—=J
im0
the restriction of f to I C I is defined by
L —J
fln oo, .
i f(7)
Definition 174 (Pseudo Inversion of Index Mapping Functions). For an injective index mapping function
f with
I1—=J
fa9. N
i f(i)
the pseudo inverse f~! is defined by
Ry
i with f(j) =1

Definition 175 (Fusion of Index Mapping Functions). The fusion of two index mapping functions

[ ‘[%J. and g¢: KHL with INK=o
i f(i) i g(i)

is given by the generating function

IUK - JUL
fUg: P fG@) ifiel
g(i) ifie K

95



Definition 176 (Interval Mapping Function). A index mapping function of form

£ {0,...,n—1} - {0,...,N — 1}
i 16)
is called interval mapping function.

Definition 177 (h-Separability of Interval Mapping Functions). A family of interval mapping functions

. . - {0,...,n—1} - {0,...,N — 1}
{f,]}j:()’,,,,m—l ’ Wlth fJ ' {l — f/(j) l)
with

i f1(4,1)

is additive h-separable, if for the function

f,.{{O,...,m—l}x{O,...,n—l}—>{O,...,N—1}

) {0,...,N -1} x{0,...,N -1} = {0,...,N — 1}
(4,7) = h(i,7)

functions

b {0,....m—-1}—={0,...,N -1}

= b(j)

and

s {0,...,n—1} - {0,...,N — 1}

i s(j)
exist, such that

f'=ho(bxs).

Definition 178 (Permutation Generating Function). Permutation generating functions are bijective interval
mapping functions of type

{0,...,n—1} = {0,...,n—1}
m:
i (1)
with the permutation
TES,.

Definition 179 (h-Separability of Permutations w.r.t. Functions). A permutation generation function

coan—1 coon—1

T {07 7.n b= A0,om } with 7 €S,
i (i)

is h-separable with respect to a family of interval mapping functions

{0,...,n—1} = {0,...,N —1}

Udymo, . With fy { S0

if the family of interval mapping functions

{fJ © 7-‘-}j:O,...,m—l

is h-separable.

96



Definition 180 (h-Inverse-Separability of Permutations w.r.t. Functions). A permutation generation func-

tion
coo,n—1 .o,n—1
T {{07 ,.n b A0 m =1 with 7 €8S,
1 m(7)

is h-inverse-separable with respect to a family of interval mapping functions

{0,...,n—1} = {0,...,N —1}

Uhm s With Sy { 10

if the family of interval mapping functions

{77_1 o fj }jzo,...,m—l

is h-separable.
Definition 181 (h-Separability of Permutations). A permutation generation function

. {{O,...7n—1}—>{0,...,n—1}

. . with 7w €8S,
i (i)

is h-separable if it can be decomposed into two h-separable families of interval mapping functions

{rj}jzo,i..,k—l and {wj }jzo,...,k—l
providing
k—1
= U 70 w;l.
j=0
Definition 182 (Stride Permutation Generating Function). The stride permutation
L™ = perm (£2")
is generated by
{0,....,mn—1} = {0,...,mn — 1}
o . (#m) mod (mn —1) ifi<mn—1
i
mn — 1 ifi=mn-1

Lemma 9.1. The stride permutation
L™ = perm (€2")
is generated by

gmn {0,...,mn—1} = {0,...,mn — 1}
™ i [£] +m(i mod n)

Lemma 9.2. The stride permutation generating function ¢]'" can be decomposed into

m—1
o = U rjowj_1
j=0
with
{0,....,n—1} = {0,...,mn — 1}
Tt
T Vi j+im
and

wl_{{0,...,n—1}—>{O,...,mn—1}

i in4i
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Lemma 9.3. The stride permutation generating function ¢;" can be decomposed into
n—1
-1
o = U Tjow;
7=0
with
{0,....m—1} - {0,...,mn — 1}
T
T )i gm+i

and

v {0,....m—1} = {0,...,mn— 1}
i j+in
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10 Overview

10.1 Definitions

Definition 183 (Matrix Generating Function with One Parameter). Matrix generating functions with one
parameter are of type

f:{{O,...,n—l}—HCMXN

Definition 184 (Permutation Generating Function). Permutation generating functions are of type

7T.{{o,...,n1}%{0,...,711}

1 7(7)

with the permutation
TES,.

10.2 Integer Identities
10.3 Index Function Operators
10.4 Formula Identities

11 Good-Thomas

Definition 185 (Affine Basis Function).
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12 Library Generation

Definition 186 (2D Combine Function).

n—N I[n;)]IN
RURERTY '
E i b+1is

Definition 187 (2D Combine Function Recursion).

I, — Iy
LERER TN if i =0
’ ! hff]N(i —1)+s else

Definition 188 (Parameter Recursion Function).

NxN-—=NxN
o o

Property 12.1 (Parameter Recursion Function).

sj = () < (137

Definition 189 (Parameter Recursion Function).

NxN-—=NxN
tin [b:| o {bJrj}
S sn
Property 12.2 (Parameter Recursion Function).

tj;n = (.7)+ X (n)x

Property 12.3 (Identity Function).
1y = hiorT"”
[7]
Identity 12.1.
n—N - n—Nm
b @()m = b5
Identity 12.2.
) N N
(1) @ B3N =W

Identity 12.3.
— N —m —N
" o bl ey = by

sin([9])
Identity 12.4.
mn—N m—mn n—N
nrn N o y=h

tn([0]) = Meson ()
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13 Examples
13.1 DFT Examples
Example 13.1 (Pulling in the Stride Permutation).

Step 1: SPL — X-SPL.

3
L

m

= S(j)m®2n Anxn G(j) Rin perm (Eﬁn)

<
Il
o

Step 2: Pull permutation into iterative sum.

3

Sy @i A" G(j), @0, Perm (67

<
I
o

Step 3: Pull permutation into gather matrix.
-1

S e A" Gumno((5), @12)

I
3

<.
Il
o

Step 4: Flip function tensor product.

3
L

=D _ Sy ,em A" " Gy,

J

Il
=]

Example 13.2 (Permutations in two Cooley-Tukey Recursion Steps).
Ik ®( (Im ®An><n> LG) Lzmn

Step 1: SPL — X-SPL.

k—1 m—1
= Z (i) @tmn Z S, e AV Gy e, | Perm (677) Gi), g, | Perm (£77)
i=0 =0

Step 2: Pull permutation, gather and scatter into iterative sum.

k—1m—1

= Z Z S(6), @tmn S(),. Dtn AR G(j), @, berm (Eﬁ”) G(i), @1, PETM (E’,zm")
i=0 j=0

Step 3: Fuse permutations, gather and scatter.

k—1m-—1

J— nXxn

= z; Zo S((i)k®zmn)o((j)m®zn) A Gz;gm"o((i)k@mn)oemno((j)m@zn)
1=0 g=

Step 4: Flip function tensor products.

— nxn
=22 Sl @) A Clonnsn oot
i=0 j=

Step 5: Plug in functions.
k—1m—1

=3 Sw,00),,0m A" Gueu), 00,

i=0 j=0
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Example 13.3 (Pull in Dimensionless FFT Permutation).

Example 13.4 (Pulling in a Diagonal Matrix).

Step 1: SPL — X»-SPL.
n—1

= ZSM@(j)n Amme%@(j)n diag (f”"HC) , D generated by fm"—C
j=0

Step 2: Pull diagonal into iterative sum.

n—1
— Z Slm®(j)n AmXm Glm®(j)n diag (f7rm—>(C)
=0

Step 3: Commute diagonal and gather matrix.

n—1
= Z Slm®(j)n Amxm diag (fmn%c o ('Lm & (])n) ) sz®(j)n
J=0

Example 13.5 (1D DFT Cooley-Tukey Recursion). Applying example 13.8 and 13.4 to
DFT,,, = (DFT,,®1L,) T, (I,,  DFT,,) L'

leads to the 1D Cooley-Tukey DFT rule in X-SPL notation.

n—1 m—1
DFT,,, = Z Sume(), DF Ty diag (47270 (1 @ (7),,) ) Gy, Z S(), @i DFT, Goa(i),
=0 §=0
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14 Real DFT

Definition 190 (Packed Real DFT Nonterminals).

RDFT;,L = G(O)Ern/zj+1ﬁn®12 DFTn Szn,®(0)2
3 / P : : n/2 R 2—R n/2 R 2—R
iRDFT, = G,,e(), DFTadiag (/2702 7F) @ (/27 e ()" 7)) Gr,
Iinya]_1 0 (I)Ln/ﬂ—l*)[n/2j+1
DFT, = D, G w211 g, DT, with
Do diag 5][21~>TR @ (ln/27141k®12ﬁmz) ® 5121ﬁmz) n even
77 diag 6][21411@ @ (2ln/2oR g 2ok )) else
DFT, = diag ((«"/217F0:27%) @ (sL"/21°F @ (4)* 7" ) ) DFT,
DFT, = DG (n/31ng,, DET,  with
D/” . diag 1”/2HR®12HR) n even
n 7 diag zL'VL/ZJHR®ZQHR@5I21HR) else

Definition 191 (Twiddle Factors).

ymn

T, :=diag (tﬁ” o(tm ® (O)T/QJH_)"))
Definition 192 (Output Permutation).

N In = Tmny2 41
T"mon,j* . in+j if 1 < [m/2]
Z'_){mn—in—j else

lm/2]+1
Tm,n,0
/2 m
[*];:ﬂm,n,j
_ . [m/2]
P, = perm (pm}n) with  pp,.pn = Tm,n,n/2

S
[n/2)4+1, m else
120

m,n,j

n even

Identity 14.1 (Packed RDFT Recursion).

_ n/2-1___ _ _
(Pmyn ®12) (DFT;,L @ ( | DFT;/L> @DFTZ[) (L3 @ 1) T (1n @ RDFT, ) L™ neven
1=
RDFT, —
" ==/ Ln/2] 1 m([n/2]) —rmn , mn
(Prn®15) ( DFT,, & @ DI, (L2 @1, )T " (1,, ® RDFT), ) L1 else
7=

Identity 14.2 (Pruned RDFT Conquer Step in Sums Notation).

ymn

RDFT,,, = QumnTp (L,®RDFT,)Lm"

mn
with

., n/2—1 .
Ser'/2J+1®zz DFTm Glm®(0)7l/2+1®12 + Zl Srlﬂ’,n,j X2 DFTm Gl'rn®(j)n/2+1®l2 +
J=

m,n,0

n even

=/
Qmn = 8,731 1 PP T G/, 072
— /2] E—
Sr}fﬁ&“@zz DFTm G“n(@(o)n/zﬂ@”’2 * jgl Srmw@” DFT’" Glm®(j)n/2+1®“ n odd
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Identity 14.3 (Unpruned RDFT Conquer Step in Sums Notation).

[n/2]
—_/
Qm,n = Z Srﬂmd®1z DFTm Glm@(j)n/2+1®’2

j=1
Identity 14.4 (Packed iRDFT Recursion).

—ymn,—

iRDFT;,,, — L7 (I, ®iRDFT;, )T

n

. -
L/ (1,9 4y @IDFT,, ) Gzl m
i

m,n,j

Identity 14.5 (iRDFT Divide Step in Sums Notation).

—ymn,—1
iRDFT/,,, — L7 (1, @ RDFT, )T\, i
with
[n/2]
-1 :
m,n Z Slm@(j)tn/2j+1 iDFT,, GT%,n,j
=0

104



