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1 Overview

1.1 Basic Objects

1.1.1 Integer Expressions

Objects: m,n ∈ N0

Symbols: 0, 1, . . .
Operators: m+ n, m− n, mn, mn, m mod n,

⌊
m
n

⌋
1.1.2 Real and Complex Expressions

Objects: c, d ∈ C, α ∈ R
Symbols: π, i, e, ωn
Operators: c+ d, cd, ck, sinα, cosα, <(c), =(c), for k ∈ N0

1.1.3 Integer Sets

Objects: M,N ⊂ N0; |M | , |N | ∈ N0

Symbols: ∅, Il,r
Operators: M ∪N , M ∩N , k +N , kN , for k ∈ N0

1.1.4 Interval Mapping Functions

Objects: fm→M ∈ II0,m0,M , g
n→N , hn→Nj ∈ II0,n0,N , j ∈ I0,n

Symbols: pn, (j)n, xj,tn , (m)n→N+ , (m)n→N×

Operators: f ⊕ g, f ⊗ g,
[
fm→M

gn→M

]
,fM→N ◦ gm→M , hn→N(.)︸ ︷︷ ︸

.

,
〈
fm→M |gm→M

〉
k
, for k ∈ N0

1.1.5 Permutation Generating Functions

Objects: πm	 ∈ Sm ⊂ II0,m0,m , σ
n	 ∈ Sn ⊂ II0,n0,n

Symbols: ın, n, zkn, `mnm , αna,b, κ
n
a,b

Operators: π−1, π ⊕ σ, π ⊗ σ,πn	 ◦ σn	, 〈πn	|σn	〉k, for k ∈ N0

1.1.6 One-dimensional Matrix Generating Functions

Objects: fn→C, gn→C

Symbols: on→C, ın→C, ±ın→C, (c)n→C, δnN , for c ∈ C, N ⊂ I0,n

Operators: f + g, f g, 1
f , f ⊕ g, f ⊗ g, fn→C ◦ hn′→n,

〈
fn→C|gn→C〉

k
, for k ∈ N0
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1.1.7 Σ-SPL Formulas

Objects: A,B ∈ Cm×n

Symbols: 0m×n, In, Jn, Lmnm , Tmnn , Rα . . .

Function Operators: diag
(
fn→C), col

(
fn→C), row

(
fn→C), circ

(
fn→C), scirc

(
fn→C),

toepl
(
fn→C), perm

(
πn	

)
, mon

(
πn	, fn→C)

Σ-Operators: A+B, A+acc B,
n−1∑
i=0

Ai,
n−1∑
i=0

accAi,

SPL-Operators A⊕B, A⊗B, A⊗k B, A⊗k B, AB,
n−1∏
i=0

Ai,
n−1⊕
i=0

Ai,

[A|B],

n− 1[ ]
i = 0

Ai,
[
A
B

]
,

n− 1[ ]
i = 0

Ai, blockmati,j
(
Ai,j

)

2 Definitions

2.1 Integer Sets

Definition 1 (Integer Interval).
In = {0 . . . , n− 1}

Definition 2 (Integer Interval).
Im,n = {m. . . , n− 1}

Definition 3 (Integer Interval).

k + {n0, . . . , nm} = {k + n0, . . . , k + nm}

Definition 4 (Integer Interval).
k{n0, . . . , nm} = {kn0, . . . , knm}

2.2 General Functions

Notation 2.1. A function

f :

{
D → R

i 7→ f(i)

is denoted by
fD→R.

Definition 5 (Picture of a Set). The picture of a set

I ′ ⊆ I

under a functions

f :

{
I → J

i 7→ f(i)

is defined as
f(I ′) =

{
f(i)

}
i∈I′ .

Definition 6 (Picture of a Parameterized Function Under a Set of Parameters). For

fj :

{
I → J

i 7→ fj(i)

The picture under a set of parameters P = {p0, . . . , pk} is given by

fP (i) =
{
fj(i)

}
j∈P .
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Definition 7 (Concatenation).

gJ→K ◦ f I→J :

{
I → K

i 7→ g(f(i))

Definition 8 (Pseudo Inversion of Injective Functions). For an injective function f with

f :

{
I → J

i 7→ f(i)
,

the pseudo inverse f−1 is defined by

f−1 :

{
f(I)→ I

i 7→ j with f(j) = i

Definition 9 (Binding a Function Parameter to the Variable). For a parameterized function

fj

the parameter is set as the actual argument of the function by

f(.)︸︷︷︸
.

:

{
D → R

i 7→ fi(i).

2.3 Interval Mapping Functions

2.3.1 Definitions

Definition 10 (Interval Mapping Function). A function of form

f :

{
In → IN
i 7→ f(i)

is called interval mapping function.

Notation 2.2. An interval mapping function

f :

{
In → IN
i 7→ f(i)

is denoted by
fn→N .

Notation 2.3. An unnamed interval mapping function{
In → IN
i 7→ f(i)

is denoted by
n→ N : i 7→ f(i).

Definition 11 (Projection Interval Mapping Function). Projection interval mapping functions are given by

pn :

{
In → I1
i 7→ 0
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Definition 12 (Basis Interval Mapping Function). Basis-n interval mapping functions are given by

(j)n :

{
I1 → In
i 7→ j

with 0 ≤ j < n.

Notation 2.4. If the value of n is clear from the context (e. g., j is the index of a iterative construct, and
0 ≤ j < n), the shortcut

j := (j)n with 0 ≤ j < n.

is used.

Definition 13 (K/M Basis Interval Mapping Function).

xj,tn :

{
I1 → In
i 7→ j + (t mod 2)

(
(n− 1)− 2j

) , 0 ≤ j < n

Property 2.1. (
〈ın|n〉t(j)

)
n

= xj,tn

Property 2.2.
〈ın|n〉t ◦ (j)n = xj,tn

Definition 14 (Z Basis Interval Mapping Function).

sj,kn :

{
I1 → In
i 7→ j + k mod n

, 0 ≤ j < n

Property 2.3. (
zkn(j)

)
n

= sj,kn

Property 2.4.
zkn ◦(j)n = sj,kn

Definition 15 (Integer Add Interval Mapping Function). Add-m interval mapping functions are given by

(m)n→N+ :

{
In → IN
i 7→ i+m

, m ∈ N0 , N ≥ m+ n.

Definition 16 (Integer Multiply Interval Mapping Function). Multiply-m interval mapping functions are
given by

(m)n→N× :

{
In → IN
i 7→ im

, m ∈ N , N ≥ m(n− 1) + 1.

Property 2.5 (Changing the Range of a Interval Mapping Function). For an interval mapping function

fn→N

the range is extended to M ≥ N by

fn→M := (0)N→M+ ◦ fn→N .

Definition 17 (Rader Interval Mapping Function).

wn→Nϕ,g :

{
In → IN
i 7→ ϕgi mod N

, N prime, g generator of Z×N .
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2.3.2 Operators

Definition 18 (Direct Sum of Interval Mapping Functions).

fm→M ⊕ gn→N :


Im+n → IM+N

i 7→

{
f(i) if 0 ≤ i < m

g(i−m) +M if m ≤ i < m+ n

Definition 19 (Tensor Product of Interval Mapping Functions).

fm→M ⊗ gn→N :

{
Imn → IMN

i 7→ Nf
(⌊

i
n

⌋)
+ g
(
i mod n

)
Definition 20 (Gamma Product of Interval Mapping Functions).

fm→M � gn→N :

{
Imn → IMN

i 7→ Nf
(⌊

i
n

⌋)
+Mg

(
i mod n

)
mod MN

for gcd(M,N) = 1

Definition 21 (Stacking of Interval Mapping Functions).

[
fn0→N

gn1→N

]
:


In0+n1

→ IN

i 7→

{
f(i) if 0 ≤ i < n0

g(i− n0) if n0 ≤ i < n0 + n1

Definition 22 (Alternator of Interval Mapping Function).

〈
fn→N |gn→N

〉
m

:

{
In → IN
i 7→ f(i) + (m mod 2)

(
g(i)− f(i)

)
2.4 Permutation Generating Functions

Definition 23 (Permutation Generating Function). Permutation generating functions are bijective interval
mapping functions of type

π :

{
{0, . . . , n− 1} → {0, . . . , n− 1}
i 7→ π(i)

with the permutation
π ∈ Sn .

Notation 2.5. A permutation generating function

π :

{
{0, . . . , n− 1} → {0, . . . , n− 1}
i 7→ π(i)

, π ∈ Sn

is denoted by
πn	.

2.4.1 Definitions

Definition 24 (Identity Permutation Generating Function). The identity permutation generating function
is given by

ın :

{
{0, . . . , n− 1} → {0, . . . , n− 1}
i 7→ i

.
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Definition 25 (Opposite Diagonal Permutation Generating Function). The opposite diagonal permutation

Jn = perm (n)

is generated by

n :

{
{0, . . . , n− 1} → {0, . . . , n− 1}
i 7→ n− 1− i

.

Definition 26 (Cyclic Shift Permutation Generating Function). The cyclic shift permutation

Zkn = perm
(
zkn
)

is generated by

zkn :

{
{0, . . . , n− 1} → {0, . . . , n− 1}
i 7→ (i+ k) mod n

.

Definition 27 (Stride Permutation Generating Function). The stride permutation

Lmnm = perm (`mnm )

is generated by

`mnm :


{0, . . . ,mn− 1} → {0, . . . ,mn− 1}

i 7→

{
(im) mod (mn− 1) if i < mn− 1

mn− 1 if i = mn− 1

.

Property 2.6 (Stride Permutation Generating Function). The stride permutation

Lmnm = perm (`mnm )

is generated by

`mnm :

{
{0, . . . ,mn− 1} → {0, . . . ,mn− 1}
i 7→

⌊
i
n

⌋
+m(i mod n)

.

Definition 28 (Odd Stride Permutation Generating Function). The odd stride permutation

Lnr = perm (`nr )

is generated by

`
n

r :

{
{0, . . . , n− 1} → {0, . . . , n− 1}
i 7→ (ir) mod (n− 1)

for gcd(n, r) = 1.

Definition 29 (V Permutation Generating Function). The permutation

Vmn
m = In⊕ Jn⊕ · · ·︸ ︷︷ ︸

m summands

is generated by
vmnm = ın ⊕ n ⊕ · · ·︸ ︷︷ ︸

m summands

.

Definition 30 (K Permutation Generating Function). The permutation

Kmn
m = (In⊕ Jn⊕ · · · ) Lmnm

is generated by
kmnm = `mnm ◦

(
ın ⊕ n ⊕ · · ·

)
.

10



Definition 31 (M Permutation Generating Function). The permutation

Mmn
m = Lmnm (Im⊕ Jm⊕ · · · )

is generated by
mmn
m =

(
ım ⊕ m ⊕ · · ·

)
◦ `mnm .

Property 2.7.

mmn
m :

{
{0, . . . ,mn− 1} → {0, . . . ,mn− 1}
i 7→ b inc+m(i mod n) +

(
(i mod n) mod 2

) (
(m− 1)− 2b inc

)
Definition 32 (Affine Permutation Generating Function). The affine permutation

An
a,b = perm

(
αna,b

)
, (a, n) = 1

is generated by

αna,b :

{
{0, . . . , n− 1} → {0, . . . , n− 1}
i 7→ ai+ b mod n

, a - n.

Property 2.8 (Affine Permutation Generating Function). For

a | n+ 1,

the affine permutation
An
a := An

a,0 , a - n

is generated by

αna :

{
{0, . . . , n− 1} → {0, . . . , n− 1}
i 7→

⌊
ai
n+1

⌋
+ a(i mod n+1

a )
.

Definition 33 (Multiplicative Permutation Generating Function). The multiplicative permutation

Kn
a,b = perm

(
κna,b

)
, n prime and a primitive element in Zn,

is generated by

κna,b :

{
{0, . . . , n− 2} → {0, . . . , n− 2}
i 7→ (bai mod n)− 1

.

Definition 34 (CRT Permutation Generating Function).

V r,sα,β :

{
{0, . . . , rs− 1} → {0, . . . , rs− 1}
i 7→

⌊
i
s

⌋
αs+ (i mod s)βr mod rs

Property 2.9 (CRT Permutation Generating Function).

Γrs := perm
(
V r,ser,es

)
with

er mod s = 0
er mod r = 1
es mod s = 1
es mod s = 0

Property 2.10 (CRT Permutation Generating Function).

V r,sα,β = `
r

α � `
s

β

Property 2.11.
V r,s1,1 = ır � ıs

11



2.4.2 Operators

Definition 35 (Inverse of Permutation Generating Function). The inverse of a permutation generating
function

π :

{
{0, . . . , n− 1} → {0, . . . , n− 1}
i 7→ π(i)

, π ∈ Sn .

is given by

π−1 :

{
{0, . . . , n− 1} → {0, . . . , n− 1}
i 7→ j with π(j) = i

, π−1 ∈ Sn .

Definition 36 (Conjugation of Permutation Generating Function).

πσ = σ ◦ π ◦ σ−1

Definition 37 (Alternator of Permutation Generating Function).

〈
πn	|σn	

〉
m

:

{
{0, . . . , n− 1} → {0, . . . , n− 1}
i 7→ π(i) + (m mod 2)

(
σ(i)− π(i)

)
2.5 Matrix Generating Functions

2.5.1 Definitions

Definition 38 (Scalar Matrix Generating Function). Scalar matrix generating functions are of type

f :

{
{0, . . . , n− 1} → C
i 7→ f(i)

.

Notation 2.6. A scalar matrix generating function

f :

{
{0, . . . , n− 1} → C
i 7→ f(i)

is denoted by
fn→C.

Notation 2.7. An unnamed scalar matrix generating function{
{0, . . . , n− 1} → C
i 7→ f(i)

is denoted by
n→ C : i 7→ f(i).

Definition 39 (Zero Function).

on→C :

{
{0, ..., n− 1} → C
i 7→ 0

Definition 40 (One Function).

ın→C :

{
{0, ..., n− 1} → C
i 7→ 1

Definition 41 (Alternate Sign Function).

±ın→C :

{
{0, ..., n− 1} → C
i 7→ (−1)i
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Definition 42 (Constant Function).

(c)n→C :

{
{0, ..., n− 1} → C
i 7→ c

, c ∈ C

Definition 43 (Delta Function).

δnN :


{0, ..., n− 1} → C

i 7→

{
1 if i ∈ N
0 else

, 0 ≤ n , N ⊆ {0, . . . , n− 1}

Definition 44 (Twiddle Generating Function).

tmnn :

{
{0, . . . ,mn− 1} → C
i 7→ ω

(i mod n)b in c
mn

, ωn =
n
√
i

2.5.2 Operators

Definition 45 (Sum of Scalar Generating Functions). The sum of the two scalar mapping functions

f :

{
{0, . . . , n− 1} → C
i 7→ f(i)

and g :

{
{0, . . . , n− 1} → C
i 7→ g(i)

is given by the scalar generating function

f + g :

{
{0, . . . , n− 1} → C
i 7→ f(i) + g(i)

.

Definition 46 (Direct Sum of Scalar Generating Functions). The direct sum of the two scalar generating
functions

f :

{
{0, . . . ,m− 1} → C
i 7→ f(i)

and g :

{
{0, . . . , n− 1} → C
i 7→ g(i)

is given by the scalar generation function

f ⊕ g :

{
{0, . . . ,m+ n− 1} → C
i 7→ (f ⊕ g)(i)

with

(f ⊕ g)(i) =

{
f(i) if i ∈ {0, . . . ,m− 1}
g(i−m) if i ∈ {m, . . . , n− 1}

.

Definition 47 (Product of Scalar Generating Functions). The product of the two scalar generating functions

f :

{
{0, . . . , n− 1} → C
i 7→ f(i)

and g :

{
{0, . . . , n− 1} → C
i 7→ g(i)

is given by the scalar generation function

fg :

{
{0, . . . , n− 1} → C
i 7→ f(i)g(i)

.
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Definition 48 (Tensor Product of Scalar Generating Functions). The tensor product of the two scalar
generating functions

f :

{
{0, . . . ,m− 1} → C
i 7→ f(i)

and g :

{
{0, . . . , n− 1} → C
i 7→ g(i)

is given by the scalar generation function

f ⊗ g :

{
{0, . . . ,mn− 1} → C
(i, j) 7→ f

(⌊
i
n

⌋)
g
(
i mod n

) .

Definition 49 (Alternator of Scalar Generating Function).〈
fn→C|gn→C〉

m
:

{
{0, . . . , n− 1} → C
i 7→ f(i) + (m mod 2)

(
g(i)− f(i)

)
2.6 Parameterized Matrices

Definition 50 (Standard Basis). Let en0 , en1 , . . . , e
n
n−1 denote the vectors in Cn×1 with a 1 in the component

given by the subscript and 0 elsewhere. The set

Bn = {eni : i = 0, 1, . . . , n− 1}

is the standard basis of Cn×1.

2.6.1 Matrices Parameterized by Interval Mapping Functions

Definition 51 (Gather Matrix). The interval mapping function

f :

{
{0, . . . , n− 1} → {0, . . . , N − 1}
i 7→ f(i)

generates the gather matrix

Gfn→N :=

n− 1[ ]
i = 0

(
eNf(i)

)>
.

Notation 2.8.
Gfn→N = GN,n

f

Definition 52 (Scatter Matrix). The interval mapping function

f :

{
{0, . . . , n− 1} → {0, . . . , N − 1}
i 7→ f(i)

generates the scatter matrix

Sfn→N :=

n− 1[ ]
i = 0

eNf(i).

Notation 2.9.
Sfn→N = SN,nf

Definition 53 (Parameterized Permutation). The permutation generation function

π :

{
{0, . . . , n− 1} → {0, . . . , n− 1}
i 7→ π(i)

with π ∈ Sn

generates a permutation matrix

perm
(
πn	

)
:=

n− 1[ ]
i = 0

(
eNπ(i)

)>
.
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2.6.2 Matrices Parameterized by Integers

Property 2.12 (Matrices Generated by Scalar Functions). A scalar matrix generation functions

f :

{
{0, . . . , n− 1} → C
i 7→ f(i)

.

can generate the matrices
diag(f) , row(f) , and column(f).

Definition 54 (Integer Parameterized Matrices). Integer parameterized matrices are of type

A :

{
{0, . . . ,M − 1} → Cm×n

i 7→
[
aj,k(i)

]
0≤j<m
0≤k<n

with the family {
aj,k

}
0≤j<m
0≤k<n

of scalar matrix generation functions.

Notation 2.10. For integer parameterized matrices the notation

Ai := A(i)

is used.

Property 2.13 (Matrices Generated by Integer Parameterized Matrices). Integer parameterized matrices
are used to generate

m−1∑
i=0

Ai
m−1∏
i=0

Ai
m−1⊕
i=0

Ai
m−1⊗
i=0

Ai

m−1⊕
i=0

k Ai
m−1⊕
i=0

k Ai

m− 1[ ]
i = 0

Ai

m− 1[ ]
i = 0

Ai

2.6.3 Monomial Matrices

Definition 55 (Monomial Matrix). A (not necessarily invertible) monomial matrix is given by

mon
(
πn	, fn→C) = perm

(
πn	

)
diag

(
fn→C) , π ∈ Sn .

2.7 Extensions

2.7.1 Extension Matrices

Definition 56 (Zero Extension).
Ezero
n,l,r = S(l)n→n+l+r

+

Definition 57 (Index Extension).
Eidx
n,ll→n,rr→n = G ll→n

ın
rr→n


Definition 58 (Scaled Index Extension).

Esidx
n,(ll→ni ,ll→C

s ),(rr→ni ,rr→C
s ) = diag

(
ll→C
s ⊕ın→C ⊕ rr→C

s

)
G li

l→n

ın
ri
r→n


Definition 59 (Linear Extension).

Elin
n,Cl,Cr

=

 Cl
In
Cr

 , Cl ∈ Cl×n, Cr ∈ Cr×n
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2.7.2 Extension Index Mappings and Scaling Functions

Definition 60 (Constant Left).

econst,ll =

l− 1[ ]
j = 0

(0)n

Definition 61 (Constant Right).

econst,rr =

r − 1[ ]
j = 0

(n− 1)n

Definition 62 (Periodic Left).

eper,ll = (n− l)l→n+

Definition 63 (Periodic Right).
eper,rr = (0)r→n+

Definition 64 (Half-point Symmetric/Antisymmetric Left).

ehsym,l
l = (0)l→n+ ◦ l

Definition 65 (Half-point Symmetric/Antisymmetric Right).

ehsym,r
r = (n− r)r→n+ ◦ r

Definition 66 (Half-point Antisymmetric Left Scaling).

shasym,l
l = −ıl→C

Definition 67 (Half-point Antisymmetric Right Scaling).

shasym,r
r = −ır→C

Definition 68 (Whole-point Symmetric Left).

ewsym,l
l = (1)l→n+ ◦ l

Definition 69 (Whole-point Symmetric Right).

ewsym,r
r = (n− r − 1)r→n+ ◦ r

Definition 70 (Whole-point Antisymmetric Left Index Mapping).

ewasym,l
l = (0)l−1→n+ ◦

[
l−1

(0)l−1

]
Definition 71 (Whole-point Antisymmetric Right Index Mapping).

ewasym,r
r = (n− r + 1)r−1→n+ ◦

[
r−1

(r − 2)r−1

]
Definition 72 (Whole-point Antisymmetric Left Scaling).

swasym,l
l = −δl→C

I0,l−1

Definition 73 (Whole-point Antisymmetric Right Scaling).

swasym,r
r = −δr→C

I1,r

16



3 Function Identities

3.1 Integer Arithmetics

In the following, a, b, i, j, n ∈ N0.

Identity 3.1.
bic = i

Identity 3.2. For 0 ≤ i < n it holds that ⌊
i

n

⌋
= 0.

Identity 3.3. For 0 ≤ i < n it holds that ⌊
j +

i

n

⌋
= j.

Identity 3.4. For 0 ≤ i < n and an ≤ b it holds that⌊
j

a
+
i

b

⌋
=

⌊
j

a

⌋
.

Identity 3.5. For a+ b < n it holds that

(a+ b) mod n = (a mod n) + (b mod n).

Identity 3.6. For 0 ≤ i < n it holds that

(jn+ i) mod n = i

Identity 3.7. For any a and b it holds that

(ab) mod (an) = a(b mod n).

Identity 3.8. For any a it holds that ⌊
j +

i

a

⌋
= j +

⌊
i

a

⌋
.

Identity 3.9. For any a it holds that
an mod n = 0.

Identity 3.10. For any a,b, and c it holds that

ai+ bj

c
= i

a

c
+ j

b

c

Identity 3.11.
bi mod kc = i mod k

Identity 3.12. ⌊
i

k

⌋
mod k =

⌊
i

k

⌋
Identity 3.13. The inverse of the function

f :

{
{0, . . . ,mn− 1} → {0, . . . ,mn− 1}
i 7→

⌊
i
n

⌋
+m(i mod n)

is

f−1 :

{
{0, . . . ,mn− 1} → {0, . . . ,mn− 1}
i 7→

⌊
i
m

⌋
+ n(i mod m)
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3.2 Sets of Integers

3.2.1 Empty Set

Identity 3.14.
M ∪ ∅ = M , M ⊂ N0

Identity 3.15.
k∅ = ∅ , k ∈ N0

Identity 3.16.
k + ∅ = ∅ , k ∈ N0

3.2.2 Intervals

Identity 3.17.
Im,n ∪ In,p = Im,p

Identity 3.18.
(m)n→m+n

+ (In) = Im,m+n

Identity 3.19.
(k)n→N+ (Im,n) = Im+k,n+k , n+ k < N

Identity 3.20.
ıN (Im,n) = Im,n , n ≤ N

Identity 3.21. (
πm	 ⊕ σn	

)
(Im) = Im

Identity 3.22. (
πm	 ⊕ σn	

)
(Im,m+n) = Im,m+n

Identity 3.23.
(0)k→m+ (Ik) = Ik

Identity 3.24.
πn	(In) = In

Identity 3.25.
zn−kn (Ik,n) = I0,n−k

Identity 3.26. 〈
πr	0 ⊕ σ

n−r	
0 |πr	1 ⊕ σ

n−r	
1

〉
t
(Ir) = Ir , ∀t ∈ N0

Identity 3.27. 〈
πr	0 ⊕ σ

n−r	
0 |πr	1 ⊕ σ

n−r	
1

〉
t
(Ir,n) = Ir,n , ∀t ∈ N0

3.3 Interval Mapping Functions

3.3.1 Function Tensors as Integer Expressions

Property 3.1.

(j)m ⊗ ın :

{
{0, . . . , n− 1} → {0, . . . ,mn− 1}
i 7→ jn+ i
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Property 3.2. For

f :

{
{0, . . . , n− 1} → {0, . . . , N − 1}
i 7→ f(i)

it holds that

(j)m ⊗ f :

{
{0, . . . , n− 1} → {0, . . . ,mN − 1}
i 7→ jN + f(i).

Property 3.3.

ın ⊗ (j)m :

{
{0, . . . , n− 1} → {0, . . . ,mn− 1}
i 7→ j + im

Property 3.4. For

f :

{
{0, . . . , n− 1} → {0, . . . , N − 1}
i 7→ f(i)

it holds that

f ⊗ (j)m :

{
{0, . . . , n− 1} → {0, . . . ,mN − 1}
i 7→ j +mf(i).

Property 3.5.

(r)k ⊗ ım ⊗ (s)n :

{
{0, . . . ,m− 1} → {0, . . . , kmn− 1}
i 7→ rmn+ s+ in

Property 3.6.

ın ⊗ (j)m ⊗ ık :

{
{0, . . . , kn− 1} → {0, . . . , kmn− 1}
i 7→ jk + km

⌊
i
k

⌋
+ (i mod k)

Property 3.7. (
ın ⊗ (j)m ⊗ ık

)
◦ `knk :

{
{0, . . . , kn− 1} → {0, . . . , kmn− 1}
i 7→ jk +

⌊
i
n

⌋
+ km(i mod n)

Property 3.8.

(j mod m)m ⊗ ın ⊗
(
b jmc

)
k

:

{
{0, . . . , n− 1} → {0, . . . , kmn− 1}
i 7→

⌊
j
m

⌋
+ kn(j mod m) + ki

with
0 ≤ j < km

Property 3.9.

ın ⊕ n ⊕ · · ·︸ ︷︷ ︸
m summands

:

{
{0, . . . ,mn− 1} → {0, . . . ,mn− 1}
i 7→ i+

(
b inc mod 2

) (
(n− 1)− 2(i mod n)

)
Property 3.10.

(
ım ⊕ m ⊕ · · ·︸ ︷︷ ︸
m summands

)
◦
(
ın ⊗ (j)m

)
:

{
{0, . . . , n− 1} → {0, . . . ,mn− 1}
i 7→ j + im+ (i mod 2)

(
(m− 1)− 2j

)
Property 3.11. The concatenation of

fj =
(
ıs ⊕ s ⊕ · · ·︸ ︷︷ ︸
t summands

)
◦
(
ıt ⊗ (j)s

)
, 0 ≤ j < s
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and
gk =

(
ır ⊕ r ⊕ · · ·︸ ︷︷ ︸
st summands

)
◦
(
ıst ⊗ (k)r

)
, 0 ≤ k < r

is given by

(g ◦ f)j,k :

{
{0, . . . , t− 1} → {0, . . . , rst− 1}
i 7→ k + jr + irs+ r (i mod 2)

(
(s− 1)− 2j

)
+
(
(i+ j) mod 2

)(
(r − 1)− 2k

)
.

3.3.2 General Identities

Identity 3.28. (
a⊗ b

)
⊗ c = a⊗

(
b⊗ c

)
= a⊗ b⊗ c

Identity 3.29.
(i)m ⊗ (j)n = (in+ j)mn

Identity 3.30.
ım ⊗ ın = ımn

Identity 3.31.
ım ⊕ ın = ım+n

Identity 3.32.
ıN ◦ fn→N = fn→N

Identity 3.33.
fn→N ◦ ın = fn→N

Identity 3.34.
fn→N ⊗ ı1 = fn→N

Identity 3.35.
ı1 ⊗ fn→N = fn→N

Identity 3.36.(
fN0→M0
0 ⊗ · · · ⊗ fNk→Mk

k

)
◦
(
gn0→N0
0 ⊗ · · · ⊗ gnk→Nkk

)
=
(
fN0→M0
0 ◦ gn0→N0

0

)
⊗· · ·⊗

(
fNk→Mk

k ◦ gnk→Nkk

)
Identity 3.37. (

ım ⊗ fn→N
)
◦
(
ım ⊗ gn→N

)
= ım ⊗

(
fn→N ◦ gn→N

)
Identity 3.38.

fm→M ⊗ gn→N =
(
fm→M ⊗ ın

)
◦
(
ım ⊗ gn→N

)
Identity 3.39.

fm→M ⊗ gn→N =
(
ım ⊗ gn→N

)
◦
(
fm→M ⊗ ın

)
Identity 3.40.

an→N ◦ (j)n =
(
a(j)

)
N

3.3.3 Pulling in Functions

Identity 3.41. (
f1→m ⊗ rk→N ⊗ g1→n

)
◦ hl→k = f1→m ⊗ (r ◦ h)l→N ⊗ g1→n

Identity 3.42. (
f1→m ⊗ hn→N

)
◦ gl→n = f1→m ⊗ (h ◦ g)l→N

Identity 3.43. (
hm→M ⊗ g1→n

)
◦ fk→m = (h ◦ f)k→M ⊗ g1→n
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Pulling in Functions–Special Cases

Identity 3.44. (
ıkm ⊗ (j)n

)
◦
(
(i)k ⊗ ım

)
= (i)k ⊗ ım ⊗ (j)n

Identity 3.45. (
(i)k ⊗ ımn

)
◦
(
ım ⊗ (j)n

)
= (i)k ⊗ ım ⊗ (j)n

Identity 3.46. (
ım ⊗ (j)n

)
◦ fk→m = fk→m ⊗ (j)n.

Identity 3.47. (
(j)n ⊗ ım

)
◦ fk→m = (j)n ⊗ fk→m.

Identity 3.48. (
f1→m ⊗ ık ⊗ g1→n

)
◦ hl→k = f1→m ⊗ hl→k ⊗ g1→n

Identity 3.49. (
f1→m ⊗ ın

)
◦ gl→n = f1→m ⊗ gl→n

Identity 3.50. (
ım ⊗ g1→n

)
◦ fk→m = fk→m ⊗ g1→n

3.3.4 Stride Permutation Identities

Identity 3.51.
`mnm ◦

(
(j)m ⊗ fk→n

)
= fk→n ⊗ (j)m

Identity 3.52.
`mnn ◦

(
fk→n ⊗ (j)m

)
= (j)m ⊗ fk→n

Stride Permutation Identities–Special Cases

Identity 3.53.
`mnm ◦

(
(j)m ⊗ ın

)
= ın ⊗ (j)m

Identity 3.54.
`mnn ◦

(
ın ⊗ (j)m

)
= (j)m ⊗ ın

Stride Permutation Stacking Identities

Identity 3.55.
`kmnk ◦

(
(j)km ⊗ ın

)
= (j mod m)m ⊗ ın ⊗

(
b jmc

)
k

Identity 3.56 (Stacking/Splitting).

(j + 1)k − 1[ ]
i = jk

ın ⊗ (i)km =
(
ın ⊗ (j)m ⊗ ık

)
◦ `knk

Identity 3.57 (Stacking/Splitting).

(j + 1)k − 1[ ]
i = jk

(i)km ⊗ ın = (j)m ⊗ ıkn

Identity 3.58 (Stacking/Splitting).

(j + 1)k − 1[ ]
i = jk

(i mod k)k ⊗ ın ⊗
(
b ikc
)
m

= ıkn ⊗ (j)m
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3.3.5 K/M Permutation Identities

Identity 3.59. (
ım ⊕ m ⊕ · · ·︸ ︷︷ ︸
n summands

)
= ın ⊗ 〈ım|m〉b (.)

m c︸ ︷︷ ︸
.

Identity 3.60. (
ın ⊗ πm	

b (.)
m c︸ ︷︷ ︸

.

)
◦
(
ın ⊗ g1→m

)
= ın ⊗

(
πm	
(.) ◦ g

1→m)︸ ︷︷ ︸
.

Identity 3.61.
ın ⊗

(
〈ım|m〉(.)(j)

)
m︸ ︷︷ ︸

.

= ın ⊗ xj,(.)m︸ ︷︷ ︸
.

Identity 3.62. For
f = ıtu0...uq ⊗ xj0,m0+(.)

s0 ⊗ . . .⊗ xjr,mr+(.)
sr︸ ︷︷ ︸

.

and
g = ıt ⊗ xk0,n0+(.)

u0
⊗ . . .⊗ xkq,nq+(.)

uq︸ ︷︷ ︸
.

it holds that

f ◦ g = ıt ⊗ xk0,n0+(.)
u0

⊗ . . .⊗ xkq,nq+(.)
uq ⊗ xj0,nq+kq+m0+(.)

s0 ⊗ . . .⊗ xjr,nq+kq+mr+(.)
sr︸ ︷︷ ︸

.

K/K Permutation Derived Identities

Identity 3.63.
mmn
m ◦

(
(j)m ⊗ ın

)
=
(
ım ⊕ m ⊕ · · ·︸ ︷︷ ︸
n summands

)
◦
(
ın ⊗ (j)m

)
Identity 3.64.

mmn
m ◦

(
(j)m ⊗ fk→n

)
=
((
ım ⊕ m ⊕ · · ·︸ ︷︷ ︸
n summands

)
◦
(
ın ⊗ (j)m

))
◦ fk→n

Identity 3.65. (
ım ⊕ m ⊕ · · ·︸ ︷︷ ︸
n summands

)
◦
(
ın ⊗ (j)m

)
= ın ⊗ xj,(.)m︸ ︷︷ ︸

.

Identity 3.66. (
ıst ⊗ xk,(.)r︸ ︷︷ ︸

.

)
◦
(
ıt ⊗ xj,(.)s︸ ︷︷ ︸

.

)
= ıt ⊗ xj,(.)s ⊗ xk,j+(.)

r︸ ︷︷ ︸
.

Identity 3.67. (
ıstu ⊗ xk,(.)r︸ ︷︷ ︸

.

)
◦
(
f t→tu ⊗ xj,m+(.)

s︸ ︷︷ ︸
.

)
= f t→tu ⊗ xj,m+(.)

s ⊗ xk,j+m+(.)
r︸ ︷︷ ︸

.
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3.3.6 Gamma Product

Identity 3.68.(
fm→M � gn→N

)
◦
(
rm
′→m ⊗ sn

′→n) =
(
fm→M ◦ rm

′→m)� (gn→N ◦ sn′→n)
Identity 3.69.

ır � (j)s = z(r−1)jrs ◦
(
ır ⊗ (j)s

)
Identity 3.70.

(j)r � ıs = z(s−1)jrs ◦
(
ıs ⊗ (j)r

)
Identity 3.71.

zkmn ◦
(
fm
′→m ⊗ (j)n

)
=

(
z
b k+jn c
m ◦fm

′→m
)
⊗
(

zkn ◦ (j)n
)

Identity 3.72.
`
mn

c ◦
(
`
m

a � `
n

b

)
= `

m

ac � `
n

bc

Identity 3.73.
`
mn

k ◦
(
fm
′→m � gn

′→n) =
(
`
m

k ◦ f
)
�
(
`
n

k ◦ g
)

Identity 3.74.
`
n

r ◦ `
n

s = `
n

rs

Identity 3.75.

`
N

r ◦ wn→Nϕ,g = wn→Nrϕ,g

Identity 3.76.
`
n

r ◦ zkn = zkrn ◦`
n

r

Identity 3.77.

zkn ◦`
n

r = `
n

r ◦ zkr
−1

n

3.4 Permutation Generating Functions

3.4.1 Inverting Permutations

Identity 3.78.

ın =
(
ın
)−1

Identity 3.79.

n =
(
n
)−1

Identity 3.80.

`mnm =
(
`mnn

)−1
Identity 3.81.

kmnm =
(

mmn
n

)−1
Identity 3.82.

mmn
m =

(
kmnn

)−1
Identity 3.83. For two permutation generating functions

π ∈ Sm and w ∈ Sn

it holds that
(π ⊗ w)−1 = π−1 ⊗ w−1.
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Identity 3.84. For two permutation generating functions

π ∈ Sm and w ∈ Sn

it holds that
(π ◦ w)−1 = w−1 ◦ π−1.

Identity 3.85. For two permutation generating functions

π ∈ Sm and w ∈ Sn

it holds that
(π ⊕ w)−1 = π−1 ⊕ w−1.

3.4.2 Dot and Alternator Identities for Permutations

Identity 3.86.
〈π|π〉t = π

Identity 3.87.
〈π|σ〉−1t =

〈
π−1|σ−1

〉
t

Identity 3.88.
〈π0|σ0〉t ◦ 〈π1|σ1〉t = 〈π0 ◦ π1|σ0 ◦ σ1〉t

Identity 3.89.
〈π0|σ0〉t ⊕ 〈π1|σ1〉t = 〈π0 ⊕ π1|σ0 ⊕ σ1〉t

Identity 3.90.
〈π0|σ0〉t ⊗ 〈π1|σ1〉t = 〈π0 ⊗ π1|σ0 ⊗ σ1〉t

Identity 3.91.
〈π|σ〉s ◦ 〈τ |w〉t =

〈
〈π ◦ τ |σ ◦ τ〉s | 〈π ◦ w|σ ◦ w〉s

〉
t

Identity 3.92.
〈π|σ〉s ◦ 〈τ |w〉t =

〈
〈π ◦ τ |π ◦ w〉t | 〈σ ◦ τ |σ ◦ w〉t

〉
s

Identity 3.93.
〈σ|τ〉t ◦ 〈w|κ〉πn	(t) = 〈σ ◦ w|τ ◦ κ〉t iff π(i) ≡ i mod 2 ∀i ∈ In

Identity 3.94.

〈σ|τ〉t ◦ 〈w|κ〉πn	(t) = 〈σ ◦ κ|τ ◦ w〉t iff π(i) ≡ i+ 1 mod 2 ∀i ∈ In

Identity 3.95.

〈σ|τ〉t ◦ 〈w|κ〉πn	(t) = 〈τ ◦ w|σ ◦ κ〉πn	(t) iff π(i) ≡ i+ 1 mod 2 ∀i ∈ In

Property 3.12. For
πn	 ∈

{
z2kn , ın, 2k+1

}
it holds that

π(i) ≡ i mod 2 ∀i ∈ In

Property 3.13. For
πn	 ∈

{
z2k+1
n , 2k

}
it holds that

π(i) ≡ i+ 1 mod 2 ∀i ∈ In
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Identity 3.96. (
πm	 ⊗ ın

)
◦
(
ım ⊗ σn	b (.)

n c︸ ︷︷ ︸
.

)
= πm	 ⊗ σn	

π(b (.)
n c)︸ ︷︷ ︸

.

Identity 3.97. (
ım ⊗ τn	b (.)

n c︸ ︷︷ ︸
.

)
◦
(
πm	 ⊗ ın

)
= πm	 ⊗ τn	b (.)

n c︸ ︷︷ ︸
.

Identity 3.98. (
ım ⊗ τn	b (.)

n c︸ ︷︷ ︸
.

)
◦
(
πm	 ⊗ σn	

π(b (.)
n c)︸ ︷︷ ︸

.

)
= πm	 ⊗

(
τn	b (.)

n c
◦ σn	

π(b (.)
n c)

)
︸ ︷︷ ︸

.

Identity 3.99. (
πm	 ⊗ τn	b (.)

n c︸ ︷︷ ︸
.

)
◦
(
ım ⊗ σn	b (.)

n c︸ ︷︷ ︸
.

)
= πm	 ⊗

(
τn	b (.)

n c
◦ σn	

π(b (.)
n c)

)
︸ ︷︷ ︸

.

Identity 3.100.

(
πm	 ⊗ ın

)ım ⊗ τ
n	⌊
(.)
n

⌋
︸ ︷︷ ︸

. = πm	 ⊗
(
τn	b (.)

n c
◦
(
τ−1

)n	
π(b (.)

n c)
)

︸ ︷︷ ︸
.

3.4.3 Stride Permutation

Identity 3.101.
`nr ◦ `ns = `nrs

Identity 3.102.
`mm = `m1

Identity 3.103.
`m1 = ım

Identity 3.104.
`mnm ◦ mn = `mnm

Identity 3.105.
mn ◦ `mnm = `mnm

Identity 3.106. (
πm	 ⊗ σn	

)`mnm = σn	 ⊗ πm	

3.4.4 Cyclic Shift Identities

Identity 3.107. (
zkn
)−1

= zm−kn

Identity 3.108.
zmm = z0m

Identity 3.109.
z0m = ım

Identity 3.110.
zkn zmn = zk+mn
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3.4.5 Derived Cyclic Shift Identities

Identity 3.111. (
z2km ⊗ın

)ın⊕πn	⊕···︸ ︷︷ ︸
m summands = z2km ⊗ın

Identity 3.112. (
z2k+1
m ⊗ın

)ın⊕πn	⊕···︸ ︷︷ ︸
m summands = z2k+1

m ⊗πn→n

3.4.6 Permutations and Add Function

Identity 3.113. (
πm	 ⊕ σn	

)
◦ (m)n→m+n

+ = ◦(m)n→m+n
+ ◦ σn	

Identity 3.114.
zkm ◦(m− k)k→m+ = (0)k→m+

3.5 Matrix Generating Functions

3.5.1 Constant Functions

Identity 3.115.
ın→C = (1)n→C

Identity 3.116.
on→C = (0)n→C

Identity 3.117.
(c)n→C = cın→C

Identity 3.118.
(c)N→C ◦ fn→N = (c)n→C , c ∈ C

Identity 3.119.
(c)m→C ⊗ (c)n→C = (c2)mn→C , c ∈ C

Identity 3.120.
(c)m→C ⊕ (c)n→C = (c)m+n→C , c ∈ C

Identity 3.121.
cım→C ⊕ dın→C = cδm+n

Im + dδm+n
Im,n , c, d ∈ C

3.5.2 Delta Function

Identity 3.122.
δn∅ = on→C

Identity 3.123.
δnIm = ın→C

Identity 3.124.
δmM ⊕ δnN = δm+n

M∪(m+N)

Identity 3.125.
δmM δmM ′ = δmM∩M ′

Identity 3.126.
δNI ◦ fn→N = δnf−1(I∩f(In))
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Identity 3.127.
δnN ◦ πn	 = δn(πn	)−1(N)

Identity 3.128.
δmM ⊕ on→C = δm+n

M

Identity 3.129.
on→C⊕δmM = δm+n

(n)m→m+n
+ (M)

Identity 3.130.
δmM ⊗ δnN = δmn((M)m⊗ın)(N)

Identity 3.131.
δmM ⊗ δnN = δmn(ım⊗(N)n)(M)

Identity 3.132. (
δmM ⊗ δnN

)
◦
(
ım ⊗ πn	b (.)

n c︸ ︷︷ ︸
.

)
= δmM ⊗

(
δnN ◦ πn	b (.)

n c
)

︸ ︷︷ ︸
.

Delta Function–Derived Identities

Identity 3.133.
δnIr ◦

〈
πr	0 ⊕ σ

n−r	
0 |πr	1 ⊕ σ

n−r	
1

〉
t

= δnIr , ∀t ∈ N0

Identity 3.134.
δnIr,n ◦

〈
πr	0 ⊕ σ

n−r	
0 |πr	1 ⊕ σ

n−r	
1

〉
t

= δnIr,n , ∀t ∈ N0

Identity 3.135. (
δmM ⊗ δnIr

)
◦
(
ın ⊕ (πr	 ⊕ σn−r	)⊕ · · ·

)
= δmM ⊗ δnIr

Identity 3.136. (
δmM ⊗ δnIr,n

)
◦
(
ın ⊕ (πr	 ⊕ σn−r	)⊕ · · ·

)
= δmM ⊗ δnIr,n

Identity 3.137.
ım→C ⊗ δnN = δmn((Im)m⊗ın)(N)

Identity 3.138.
δmM ⊗ ın→C = δmn(ım⊗(In)n)(M)

Identity 3.139.
δmIk,n ◦ zrm = δmIk−r,n−r , k ≥ r

Identity 3.140.
δmIk,n ◦ zrm = δmIk+m−r,n+m−r

, r ≥ n

Identity 3.141.
δnIn−k ◦

(
πn−k	 ⊕ σk	

)
= δnIn−k

Identity 3.142.
δnIk,n ◦

(
πk	 ⊕ σn−k	

)
= δnIk,n

3.5.3 Twiddle Function

Identity 3.143.
tmnn = tkmnn ◦

(
(0)k ⊗ ımn

)
Identity 3.144.

tmnn = tmnm ◦`mnn

27



4 Matrix Identities

4.1 Formula Constructs and Sum Notation

Identity 4.1 (Direct Sum of Rotations).

k−1⊕
j=0

Rαi = diag
(
k → C : i→ eiαi

)
Identity 4.2 (Iterative Direct Sum).

k−1⊕
j=0

Aj =

k−1∑
j=0

Sj⊗ım Aj Gj⊗ın with Aj ∈ Cm×n

Identity 4.3 (Iterative Row Overlapped Direct Sum).

k−1⊕
j=0

rAj =

k−1∑
j=0

Smk,mj⊗ım Aj G
(n−r)k+r,n
j⊗rın with Aj ∈ Cm×n

Identity 4.4 (Iterative Column Overlapped Direct Sum).

k−1⊕
j=0

rAj =

k−1∑
j=0

S
(m−r)k+r,m
j⊗rım Aj Gnk,n

j⊗ın with Aj ∈ Cm×n

Identity 4.5 (Parallel Tensor Product).

Ik ⊗A =

k−1∑
j=0

Sj⊗ım AGj⊗ın with A ∈ Cm×n

Identity 4.6 (Row Overlapped Tensor Product).

Ik ⊗rA =

k−1∑
j=0

Sj⊗ım AG
((n−r)j)n→(n−r)k+r

+
with A ∈ Cm×n

Identity 4.7 (Column Overlapped Tensor Product).

Ik ⊗rA =

k−1∑
j=0

S
((m−r)j)m→(m−r)k+r

+
AGj⊗ın with A ∈ Cm×n

Identity 4.8 (Vector Tensor Product).

A⊗ Ik =

k−1∑
j=0

Sım⊗j AGın⊗j with A ∈ Cm×n

Identity 4.9 (Horizontal Stack of Matrices).

S − 1[ ]
j = 0

Aj =

S−1∑
j=0

Sım Aj Gj⊗ın with Aj ∈ Cm×n

Identity 4.10 (Vertical Stack of Matrices).

R− 1[ ]
j = 0

Aj =

R−1∑
j=0

Sj⊗ım Aj Gın with Aj ∈ Cm×n
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Identity 4.11 (Matrix of Matrices). A0,0 · · · A0,S−1
...

. . .
...

AR−1,0 · · · AR−1,S−1

 =

R−1∑
j=0

S−1∑
k=0

Sj⊗ım Aj,k Gk⊗ın with Aj,k ∈ Cm×n

Identity 4.12 (Product of Scatter and Gather).

Swn→N Grn→N =

n−1∑
j=0

Swn→N◦(j)n Grn→N◦(j)n

Identity 4.13 (Product of Scatter and Gather).

Swn→N

(
m−1∑
k=0

Grn→Nk

)
=

n−1∑
j=0

(
Swn→N◦(j)n

m−1∑
k=0

Grn→Nk ◦(j)n

)

4.2 Gather and Scatter Identities

4.2.1 Gather and Scatter

Identity 4.14 (Trivial Gather Matrix).
Gın = In

Identity 4.15 (Trivial Scatter Matrix).
Sın = In

Identity 4.16 (Gather Transposition). (
Gfn→N

)>
= Sfn→N

Identity 4.17 (Scatter Transposition). (
Sfn→N

)>
= Gfn→N

Identity 4.18 (Gather/Scatter Identity).

Gfn→N Sfn→N = In

Identity 4.19 (Scatter/Gather Identity).

Sfn→N Gfn→N = diag
(
δfn→N

)
Identity 4.20 (Gather Multiplicativity).

Gsn→N1 GrN1→N = G(r◦s)n→N

Identity 4.21 (Scatter Multiplicativity).

SvN1→N Swn→N1 = S(v◦w)n→N

Identity 4.22 (Gather/Scatter Multiplicativity).

Grn→N Swn→N = perm
((
w−1 ◦ r

)n→n)
for r

(
{0, . . . , n− 1}

)
= w

(
{0, . . . , n− 1}

)
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Identity 4.23 (Gather/Scatter Multiplicativity). For

r :

{
{0, . . . ,m} → {0, . . . ,M − 1}
i 7→ r(i),

r injective, 0 ≤ j < M , and 0 ≤ k < m it holds that

Grm→M⊗ın S(j)M⊗ın =

{
S(k)m⊗ın if j = r(k)

0mn×n else

Identity 4.24 (Gather/Scatter Multiplicativity). For

w :

{
{0, . . . ,m} → {0, . . . ,M − 1}
i 7→ w(i),

w injective, 0 ≤ j < M , and 0 ≤ k < m it holds that

G(j)M⊗ın Swm→M⊗ın =

{
G(k)m⊗ın if j = w(k)

0n×mn else

Identity 4.25 (Gather Tensor).

Grm→M ⊗Gsn→N = G(r⊗s)mn→MN

Identity 4.26 (Scatter Tensor).

Srm→M ⊗ Ssn→N = S(r⊗s)mn→MN

Identity 4.27 (Gather/Scatter Tensor).(
Swm→M Grm→M

)
⊗Gsn→N = S(w⊗ın)mn→Mn G(r⊗s)mn→MN

Identity 4.28 (Gather Stacking). [
Grn1→N

Gsn2→N

]
= G[ rs ]

n1+n2→N

Identity 4.29 (Scatter Stacking). [
Svn1→N Swn2→N

]
= S[ vw ]

n1+n2→N

4.2.2 Gather/Scatter and Permutations

Identity 4.30 (Permutation as Gather Matrix).

GπN	 = perm
(
πN	

)
Identity 4.31 (Permutation as Scatter Matrix).

SπN	 = perm
(
(π−1)N	

)
Identity 4.32 (Gather/Permutation Multiplicativity).

Grn→N perm
(
πN	

)
= G(π◦r)n→N

Identity 4.33 (Permutation/Gather Multiplicativity).

perm
(
πn	

)
Grn→N = G(r◦π)n→N

Identity 4.34 (Scatter/Permutation Multiplicativity).

Swn→N perm
(
πn	

)
= S(w◦π−1)n→N

Identity 4.35 (Permutation/Scatter Multiplicativity).

perm
(
πN	

)
Swn→N = S(π−1◦w)n→N
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4.2.3 Gather/Scatter and Diagonals

Identity 4.36 (Commuting Gather with Diagonals).

Grn→N diag
(
fN→C) = diag

(
(f ◦ r)n→C)Grn→N

Identity 4.37 (Commuting Scatter with Diagonals).

diag
(
fN→C) Swn→N = Swn→N diag

(
(f ◦ w)n→C)

4.2.4 Iteration Reordering

Identity 4.38 (General Case).

m−1∑
j=0

Swj Aj Grj =

m−1∑
k=0

Swπ(k)
Aπ(k) Grπ(k)

, π ∈ Sm

Identity 4.39 (Scatter Carried Reordering).

m−1∑
j=0

S(π◦(j)m)⊗ın Aj Gr′j
=

m−1∑
k=0

S(k)m⊗ın Aπ−1(k) Gr′
π−1(k)

, π ∈ Sm

Identity 4.40 (Gather Carried Reordering).

m−1∑
j=0

Sw′j Aj G(π◦(j)m)⊗ın =

m−1∑
k=0

Sw′
π−1(k)

Aπ−1(k) G(k)m⊗ın , π ∈ Sm

4.2.5 Gather/Scatter and Inplace Computation

Identity 4.41.

SwN1→N

m−1∑
j=0

S
f
n→N1
j

Aj G
f
n→N1
j

 =

m−1∑
j=0

S(w◦fj)n→N Aj G(w◦fj)n→N

 SwN1→N

Identity 4.42.m−1∑
j=0

S
f
n→N1
j

Aj G
f
n→N1
j

GrN1→N = GrN1→N

m−1∑
j=0

S(r◦fj)n→N Aj G(r◦fj)n→N


4.2.6 Gather/Scatter and Sums of Monomials

Identity 4.43 (Gather and Sum of Monomials).

Grn→N

m−1∑
j=0

mon
(
πN	
j , fN→C

j

) =

m−1∑
j=0

(
diag

(
(fj ◦ πj ◦ r)n→C)G(πj◦r)n→N

)
Identity 4.44 (Scatter and Sum of Monomials).m−1∑

j=0

mon
(
πN	
j , fN→C

j

) Swn→N =

m−1∑
j=0

(
S

(π−1
j ◦w)

n→N diag
(
(fj ◦ w)n→C))

31



4.2.7 Sum-Accumulate to Standard Sum

Identity 4.45.

Grn→N + S(k)n−m−k→n+
Gsn−m−k→N = S(0)k→n+

Grn→N◦(0)k→n+
+

S(k)n−m−k→n+

(
Grn→N◦(k)n−k−m→n+

+ Gsn−k−m→N

)
+

S(n−m)m→n+
Grn→N◦(n−m)m→n+

4.3 Complex to Real

Identity 4.46 (Complex Number).

a+ ib =

[
a −b
b a

]
, a, b ∈ R

Identity 4.47 (Complex Matrix).[
ci,j
]

0≤i<m
0≤j<n

=
[
ci,j
]

0≤i<m
0≤j<n

, ci,j ∈ C

Identity 4.48 (Diagonal Matrix).

diag
(
fn→C

)
= diag

(
<
(
fn→C)⊗ ı2→C

)
+ mon

(
ın ⊗ 2,=

(
fn→C)⊗ (±ı)2→C

)
Identity 4.49 (Product of Matrices).

AB = AB

Identity 4.50 (Matrix Transposition).

A> = A
>

Identity 4.51 (Sum of Matrices).
n−1∑
i=0

Ai =

n−1∑
i=0

Ai

Identity 4.52 (Parallel Tensor Product).

In⊗A = In⊗A

Identity 4.53 (Vector Tensor Product).

Ak×m ⊗ In =
(

Im⊗L2n
n

)(
Ak×m ⊗ In

)(
Ik ⊗L2n

2

)
, Ak×m ∈ Ck×m

Identity 4.54 (Direct Sum of Matrices).

n−1⊕
i=0

Ai =

n−1⊕
i=0

Ai

Identity 4.55 (Real Matrix).
A = A⊗ I2 , A ∈ Rm×n

Identity 4.56 (Permutation Matrix).

perm(π) = perm(π ⊗ ı2) , π ∈ Sn

Identity 4.57 (Gather Matrix).
Gr = Gr⊗ı2

Identity 4.58 (Scatter Matrix).
Sw = Sw⊗ı2

32



4.4 Tensor Product Identities

Identity 4.59 (Tensor of Sums).m−1∑
j=0

Aj

⊗(n−1∑
k=0

Bk

)
=

m−1∑
j=0

n−1∑
k=0

Aj ⊗Bk

Identity 4.60 (Tensor of Products).n−1∏
j=0

Aj

⊗
n−1∏
j=0

Bj

 =

n−1∏
j=0

Aj ⊗Bj

Identity 4.61.
A⊗ (B + C) = A⊗B +A⊗ C

Identity 4.62.
(A+B)⊕ C = (A⊕ C) + (B ⊕ 0m×n) , for C ∈ Cm×n

Identity 4.63.
(In−1⊗Am)⊕ 0m = (In⊗Am)(I(n−1)m⊕ 0m)

Identity 4.64.
(AB)P = AP BP , P = perm(π)

Identity 4.65.
(A+B)P = AP +BP , P = perm(π)

Identity 4.66.
Ar×s ⊗ 0m×n = 0mr×ns

Identity 4.67.
0m×n⊗Ar×s = 0mr×ns

4.4.1 Rules for Conditional Matrices

Definition 74 (Conditional Matrix).

Cond(c, A,B) =

{
A if c

B else

Identity 4.68.
A+ Cond(c,B,C) = Cond(c, A+B,A+ C)

Identity 4.69.
Cond(c, A,B) + C = Cond(c, A+ C,B + C)

Identity 4.70.
A Cond(c,B,C) = Cond(c, AB,AC)

Identity 4.71.
Cond(c, A,B)C = Cond(c, AC,B C)

Identity 4.72.
A⊗ Cond(c,B,C) = Cond(c, A⊗B,A⊗ C)

Identity 4.73.
Cond(c, A,B)⊗ C = Cond(c, A⊗ C,B ⊗ C)
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4.5 Identities for Generated Matrices

4.5.1 Diagonal Matrix Identities

Identity 4.74.
diag

(
cın→C) = c diag

(
ın→C)

4.5.2 Matrices as Monomials

Identity 4.75 (Zero Matrix as Monomial).

0n = mon
(
ın, (0)n→C)

Identity 4.76 (Identity Matrix as Monomial).

In = mon
(
ın, (1)n→C)

Identity 4.77 (Diagonal as Monomial).

diag
(
fn→C) = mon

(
ın, f

n→C)
Identity 4.78 (Permutation as Monomial).

perm
(
πn	

)
= mon

(
πn	, on→C )

4.5.3 Matrix Operations on Generated Matrices

Identity 4.79 (Product of Permutations).

perm
(
πn	

)
perm

(
σn	

)
= perm

(
(σ ◦ π)n	

)
Identity 4.80 (Product of Diagonals).

diag
(
fn→C) diag

(
gn→C) = diag

(
(fg)n→C)

Identity 4.81 (Product of Monomials).

mon
(
πn	, fn→C)mon

(
σn	, gn→C) = mon

(
σ ◦ π, (f ◦ σ−1)g

)
Identity 4.82 (Tensor Product of Permutations).

perm
(
πm	

)
⊗ perm

(
σn	

)
= perm

(
(π ⊗ σ)mn	

)
Identity 4.83 (Tensor Product of Diagonals).

diag
(
fm→C)⊗ diag

(
gn→C) = diag

(
(f ⊗ g)mn→C)

Identity 4.84 (Tensor Product of Monomials).

mon
(
πn	, fn→C)⊗mon

(
σn	, gn→C) = mon

(
π ⊗ σ, f ⊗ g

)
Identity 4.85 (Conjugation of Diagonals).

diag
(
fn→C)perm(πn	

)
= diag

((
f ◦ π−1

)n→C
)

Identity 4.86 (Conjugation of Permutations).

perm
(
πn	

)perm(σn	
)

= perm
(
(πσ)n	

)
Identity 4.87 (Conjugation of Monomial).

mon
(
πn	, fn→C)perm(σn	

)
= mon

(
(πσ)n	,

(
f ◦ σ−1

)n→C
)

Identity 4.88 (Commuting Diagonal and Permutation).

diag
(
fn→C) perm

(
πn	

)
= perm

(
πn→n

)
diag

((
f ◦ π−1

)n→C
)
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4.5.4 Special Identities

Identity 4.89 (Maintaining Tensor Structure).

mon
(
ım ⊗ πn	, fmn→C)⊕ 0rn = mon

(
ım+r ⊗ πn	, fmn→C ⊕ (0)rn→C)

Identity 4.90 (Maintaining Tensor Structure).

0rn⊕mon
(
ım ⊗ πn	, fmn→C) = mon

(
ır+m ⊗ πn	, (0)rn→C ⊕ fmn→C)

Identity 4.91 (Maintaining Tensor Structure).

mon
(
ım ⊗ πn	, ım→C ⊗ fn→C)⊕ 0rn = mon

(
ım+r ⊗ πn	, δm+r

Im ⊗ fn→C)
Identity 4.92 (Maintaining Tensor Structure).

0rn⊕mon
(
ım ⊗ πn	, ım→C ⊗ fn→C) = mon

(
ım+r ⊗ πn	, δm+r

(r)m→m+r
+ (Im)

⊗ fn→C)
4.5.5 Delta-Diagonals and Gathers

Identity 4.93.

diag
(
fm→C ⊗ gn→C)Grm→M⊗sn→N =

(
diag

(
fm→C)Grm→M

)
⊗
(

diag
(
gn→C)Gsn→N

)
Identity 4.94.

diag
(
δmIk,r

)
= S(k)r−k→m+

G(k)r−k→m+

Identity 4.95.

diag
(
δmIk,n

)
Gzrm

= S(k)n−k→m+
G((k+r) mod m)n−k→m+

, for r ≤ m− n or r ≥ m− k

Identity 4.96.

diag
(
δnN ◦ (j)n

)
G(j)n = Cond

(
j ∈ N,G(j)n , 01×n

)
Identity 4.97.

diag
(
δnIn−k ◦ (j)n

)
G(πn−k	⊕σk	)◦(j)n = Cond

(
j ∈ In−k,G(0)n−k→n+ ◦πn−k	◦(j)n−k , 01×n

)
Identity 4.98.

diag
(
δnIk,n ◦ (j)n

)
G(πk	⊕σn−k	)◦(j)n = Cond

(
j ∈ Ik,n,G(k)n−k→n+ ◦σn−k	◦(j−k)n−k , 01×n

)
4.5.6 Delta-Diagonals and Scatter

Identity 4.99.

Svm→M⊗wn→N diag
(
fm→C ⊗ gn→C) =

(
Svm→M diag

(
fm→C))⊗ (Swn→N diag

(
gn→C))

Identity 4.100.
Szkm

diag
(
δmIm−k

)
= S(k)m−k→m+

G(0)m−k→m+

Identity 4.101.
Szm−km

diag
(
δmIk,m

)
= S(0)m−k→m+

G(k)m−k→m+

Identity 4.102.

S(j)n diag
(
δnN ◦ (j)n

)
= Cond

(
j ∈ N, S(j)n , 0n×1

)
Identity 4.103.

S(πn−k	⊕σk	)◦(j)n diag
(
δnIn−k ◦ (j)n

)
= Cond

(
j ∈ In−k,S(0)n−k→n+ ◦πn−k	◦(j)n−k , 0n×1

)
Identity 4.104.

S(πk	⊕σn−k	)◦(j)n diag
(
δnIk,n ◦ (j)n

)
= Cond

(
j ∈ Ik,n,S(k)n−k→n+ ◦σn−k	◦(j−k)n−k , 0n×1

)
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4.5.7 Matrix Structure

Property 4.1 (Cyclic Shift).

Zkn =

[
In−k

Ik

]
Definition 75 (Upper Diagonal Matrix).

Uk
n = Zkn

(
0k×k ⊕ In−k

)
Property 4.2 (Upper Diagonal Matrix).

Uk
n = mon

(
zkn, δ

n
Ik,n
)

Definition 76 (Lower Diagonal Matrix).

Hk
n = Zn−kn

(
In−k ⊕ 0k×k

)
Property 4.3 (Lower Diagonal Matrix).

Hk
n = mon

(
zn−kn , δnIn−k

)
Definition 77 (S Matrix).

Sn = In + U1
n

Property 4.4 (S Matrix).

Sn =


1 1

1 1
. . .

. . .

1 1
1

 , Sn ∈ Cn×n

Property 4.5 (Transposed S Matrix).
S>n = In + H1

n

Property 4.6.
Jn−1⊕ 01×1 = mon

(
z1n ◦n, δn0,...,n−2

)
Property 4.7.

01×1⊕ Jn−1 = mon
(
n ◦ z1n, δ

n
1,...,n−1

)
5 Cooley-Tukey Algorithms

5.1 Discrete Fourier Transform

Theorem 5.1 (DFT DIT Recursion).

DFTmn =
(

DFTm⊗ In
)

Tmnn
(

Im⊗DFTn
)

Lmnm

Theorem 5.2 (DFT DIF Recursion).

DFTmn = Lmnn
(

Im⊗DFTn
)

Tmnn
(

DFTm⊗ In
)

Theorem 5.3 (2D DFT DIT Vector Radix Recursion).

DFTmn×rs =
(

DFTm×r ⊗ Ins
)Im⊗Lrnr ⊗ Is(

Tmnn ⊗Trss
)(

Imr ⊗DFTn×s
)Im⊗Lrnr ⊗ Is(

Lmnm ⊗Lrsr
)
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5.2 Discrete Trigonometric Transforms

Definition 78 (Zeros Recursion).

rmi :


R→ R

r 7→

{
r+2b i2 c
m i mod 2 = 0

2−r+2b i2 c
m i mod 2 = 1

Theorem 5.4 (U-Basis DIF Recursion for DTT).

DTTmn(r) = Kmn
n

(
m−1⊕
i=0

DTTn
(

rmi (r)
))(

DST -3m(r)⊗ In

)
BDTT /U
mn,m

Theorem 5.5 (U-Basis DIF Recursion for DTT).

DTTmn(r) = Kmn
n

(
m−1⊕
i=0

DTTn
(

rmi (r)
))(

DST -3m(r)⊗ In

)
BDTT /U
mn,m

Theorem 5.6 (U-Basis DIT Recursion for DTT).

DTTmn(r) = B>,DTT /U
mn,m

(
DST -2m(r)⊗ In

)(m−1⊕
i=0

DTTn
(

rmi (r)
))

Mmn
m

Theorem 5.7 (U-Basis DIT Recursion for DTT).

DTTmn(r) = B>,DTT /U
mn,m

(
DST -2m(r)⊗ In

)(m−1⊕
i=0

DTTn
(

rmi (r)
))

Mmn
m

Theorem 5.8 (T-Basis DIF Recursion for DTT).

DTTmn(r) = Kmn
n

(
m−1⊕
i=0

DTTn
(

rmi (r)
))(

DCT -3m(r)⊗ In

)
BDTT /T
mn,m

Theorem 5.9 (T-Basis DIF Recursion for DTT).

DTTmn(r) = Kmn
n

(
m−1⊕
i=0

DTTn
(

rmi (r)
))(

DCT -3m(r)⊗ In

)
BDTT /T
mn,m

Theorem 5.10 (T-Basis DIT Recursion for DTT).

DTTmn(r) = B>,DTT /T
mn,m

(
DCT -2m(r)⊗ In

)(m−1⊕
i=0

DTTn
(

rmi (r)
))

Mmn
m

Theorem 5.11 (T-Basis DIT Recursion for DTT).

DTTmn(r) = B>,DTT /T
mn,m

(
DCT -2m(r)⊗ In

)(m−1⊕
i=0

DTTn
(

rmi (r)
))

Mmn
m

Theorem 5.12 (T-Basis DIT Recursion for iDTT).

iDTTmn(r) = C−1,DTT/T
mn,m

(
iDCT -3m(r)⊗ In

)(m−1⊕
i=0

iDTTn
(

rmi (r)
))

Mmn
m
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5.3 DIF Rules for DTTs

5.3.1 DST-3, U-Basis

Definition 79 (Base Change DST-3, U-Basis).

BDST -3/U
mn,m =

(
(In−1⊗Sm)⊕ Im

)Lmnn (
(In−1⊕ I1)⊕ (Jn−1⊕ I1)⊕ · · ·︸ ︷︷ ︸

m summands

)

Property 5.1 (Base Change DST-3, U-Basis).

BDST -3/U
mn,m =



In−1 Jn−1
1

In−1 Jn−1
1

. . .
. . .

In−1 Jn−1
1

In−1
1


Property 5.2 (Base Change DST-3, U-Basis).

BDST -3/U
mn,m = Imn + U1

m⊗(Jn−1⊕ 01×1)

Property 5.3 (Base Change DST-3, U-Basis).

BDST -3/U
mn,m = diag

(
ımn→C)+ mon

(
z1m⊗(n−1 ⊕ ı1), δmI1,m ⊗ δ

n
I0,n−1

)
Theorem 5.13 (Base Case DST-3).

DST -32(r) = F2 diag
(
sin rπ

2 , sin rπ
)

DST -32(r) = F2 diag
(
1, 2 cos rπ2

)
Theorem 5.14 (Recursion DST-3).

DST -3n = DST -3n(1/2)

DST -3mn(r) = Kmn
n

(
m−1⊕
i=0

DST -3n
(

rmi (r)
))(

DST -3m(r)⊗ In

)
B

DST -3/U
mn,m

DST -3mn(r) = Kmn
n

(
m−1⊕
i=0

DST -3n
(

rmi (r)
))(

DST -3m(r)⊗ In

)
B

DST -3/U
mn,m

5.3.2 DCT-3, U-Basis

Definition 80 (Base Change DCT-3, U-Basis).

BDCT -3/U
mn,m =

(
1
2

(
2 I1⊕ Im−1−U2

m

)
⊕
(

In−1⊗Sm
))Lmnn

(
(I1⊕ In−1)⊕ (I1⊕ Jn−1)⊕ · · ·︸ ︷︷ ︸

m summands

)
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Property 5.4 (Base Change DCT-3, U-Basis).

BDCT -3/U
mn,m =



1 − 1
2

In−1 Jn−1
1
2 − 1

2

In−1 Jn−1
. . .

. . .
. . .

. . .

. . .
. . .

. . .

1
2

. . . − 1
2

In−1 Jn−1
1
2

In−1 Jn−1
1
2

In−1


Property 5.5 (Base Change DCT-3, U-Basis).

BDCT -3/U
mn,m = In⊕

(
Im−1⊗( 1

2 ⊕ In−1)
)

+ U1
m⊗(01×1⊕ Jn−1)−U2

m⊗( 1
2 ⊕ 0n−1×n−1)

Property 5.6 (Base Change DCT-3, U-Basis).

B
DCT -3/U
mn,m = diag

((
δmI1 ⊗ δ

n
I1
)

+ 1
2

(
δmI1,m ⊗ δ

n
I1
)

+
(
δmIm ⊗ δ

n
I1,n
))

+

+ mon
(

z1m⊗(ı1 ⊕ n−1), δmI1,m ⊗ δ
n
I1,n

)
+

+ mon
(

z2m⊗ın,− 1
2

(
δmI2,m ⊗ δ

n
I1
))

Theorem 5.15 (Base Case DCT-3).

DCT -32(r) = F2 diag (1, cos rπ)

Theorem 5.16 (Recursion DCT-3).

DCT -3n = DCT -3n(1/2)

DCT -3mn(r) = Kmn
n

(
m−1⊕
i=0

DCT -3n
(

rmi (r)
))(

DST -3m(r)⊗ In

)
B

DCT -3/U
mn,m

5.3.3 DST-4, U-Basis

Definition 81 (Base Change DST-4, U-Basis).

BDST -4/U
mn,m =

(
Sm⊗ In

)In⊕ Jn⊕ · · ·︸ ︷︷ ︸
m summands

Property 5.7 (Base Change DST-4, U-Basis).

BDST -4/U
mn,m =


In Jn

In Jn
. . .

. . .

In Jn
In


Property 5.8 (Base Change DST-4, U-Basis).

BDST -4/U
mn,m = Imn + U1

m⊗ Jn
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Property 5.9 (Base Change DST-4, U-Basis).

BDST -4/U
mn,m = diag

(
ımn→C)+ mon

(
z1m⊗n, δmI1,m ⊗ ı

n→C)
Theorem 5.17 (Base Case DST-4).

DST -42(r) = diag
(
sin rπ

4 , cos rπ4
)

F2

[
1 1
0 2 cos rπ2

]
Theorem 5.18 (Recursion DST-4).

DST -4n = DST -4n(1/2)

DST -4mn(r) = Kmn
n

(
m−1⊕
i=0

DST -4n
(

rmi (r)
))(

DST -3m(r)⊗ In

)
B

DST -4/U
mn,m

5.3.4 DCT-4, U-Basis

Definition 82 (Base Change DCT-4, U-Basis).

BDCT -4/U
mn,m =

(
(Im−U1

m)⊗ In
)In⊕ Jn⊕ · · ·︸ ︷︷ ︸
m summands

Property 5.10 (Base Change DCT-4, U-Basis).

BDCT -4/U
mn,m =


In − Jn

In − Jn
. . .

. . .

In − Jn
In


Property 5.11 (Base Change DCT-4, U-Basis).

BDCT -4/U
mn,m = Imn−U1

m⊗ Jn

Property 5.12 (Base Change DCT-4, U-Basis).

BDCT -4/U
mn,m = diag

(
ımn→C)+ mon

(
z1m⊗n, δmI1,m ⊗

(
− ın→C))

Theorem 5.19 (Base Case DCT-4).

DCT -42(r) = diag
(
cos rπ4 , sin

rπ
4

)
F2

[
1 −1
0 2 cos rπ2

]
Theorem 5.20 (Recursion DCT-4).

DCT -4n = DCT -4n(1/2)

DCT -4mn(r) = Kmn
n

(
m−1⊕
i=0

DCT -4n
(

rmi (r)
))(

DST -3m(r)⊗ In

)
B

DCT -4/U
mn,m

5.3.5 DCT-3, T-Basis

Definition 83 (Base Change Transposed iDCT-3, T-Basis).

C−>,DCT -3/T
mn,m =

(
Im⊕

(
In−1⊗S>m

) )Lmnn (
(I1⊕ In−1)⊕ (I1⊕ Jn−1)⊕ · · ·︸ ︷︷ ︸

m summands

)

40



Property 5.13 (Base Change Transposed iDCT-3, T-Basis).

C−>,DCT -3/T
mn,m =



1
In−1

1
Jn−1 In−1

. . .
. . .

. . .
. . .

. . . 1
Jn−1 In−1

1
Jn−1 In−1


Property 5.14 (Base Change Transposed iDCT-3, T-Basis).

C−>,DCT -3/T
mn,m = Imn + H1

m⊗(01×1⊕ Jn−1)

Property 5.15 (Base Change Transposed iDCT-3, T-Basis).

C−>,DCT -3/T
mn,m = diag

(
ımn→C)+ mon

(
zm−1m ⊗(ı1 ⊕ n−1), δmIm−1

⊗ δnI1,n
)

Theorem 5.21 (Recursion DCT-3).

DCT -3n = iDCT -3n(1/2)>

iDCT -3mn(r)> = Kmn
n

(
m−1⊕
i=0

iDCT -3n
(

rmi (r)
)>)(

iDCT -3m(r)> ⊗ In

)
C
−>,DCT-3/T
mn,m

5.3.6 DCT-3, T-Basis, Radix-2

Definition 84 (Base Change DCT-3, T-Basis, Radix-2).

C
DCT -3/T
2n,2 =

(
I2⊕

(
In−1⊗(I2−U1

2)
))L2n

n

(
In⊕(I1⊕ Jn−1)

)
Property 5.16 (Base Change DCT-3, T-Basis, Radix-2).

C
DCT -3/T
2n,2 = I2n−U1

2⊗(01⊕ Jn−1)

Definition 85 (Base Change Diagonal DCT-3, T-Basis, Radix-2).

E
DCT -3/T,r
2n,2 = In⊕

(
cos rπ diag

(
I1⊕2 In−1

))
Property 5.17 (Base Change DCT-3, T-Basis, Radix-2).

B
DCT -3/T,r
2n,2 =


I1

In−1 − Jn−1
cos rπ I1

2 cos rπ In−1


Property 5.18 (Base Change DCT-3, T-Basis, Radix-2).

B
DCT -3/T,r
2n,2 = diag

((
δ2I1 ⊗ ı

n→C)+ cos rπ
(
δ2I1,2 ⊗ δ

n
I1
)

+ 2 cos rπ
(
δ2I1,2 ⊗ δ

n
I1,n
))

+ mon
(

z12⊗(ı1 ⊕ n−1),−δ2I1,2 ⊗ δ
n
I1,n
)

Theorem 5.22 (Recursion DCT-3).

DCT -32n(r) = K2n
n

( 1⊕
i=0

DCT -3n
(

r2i (r)
)(

F2⊗ In
)
B

DCT -3/T,r
2n,2
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5.4 DIT Rules for DTTs

5.4.1 DST-2, U-Basis

Definition 86 (Base Change DST-2, U-Basis).

BDST -2/U
mn,m =

( (
In−1⊗S>m

)
⊕ Im

)Lmnn (
(In−1⊕ I1)⊕ (Jn−1⊕ I1)⊕ · · ·︸ ︷︷ ︸

m summands

)

Property 5.19 (Base Change DST-2, U-Basis).

BDST -2/U
mn,m =



In−1
1

Jn−1 In−1
1

Jn−1 In−1
. . . 1

. . .
. . .

Jn−1 In−1
1


Property 5.20 (Base Change DST-2, U-Basis).

BDST -2/U
mn,m = Imn + H1

m⊗(Jn−1⊕ 01×1)

Property 5.21 (Base Change DST-2, U-Basis).

BDST -2/U
mn,m = diag

(
ımn→C)+ mon

(
zm−1m ⊗(n−1 ⊕ ı1), δmI0,m−1

⊗ δnI0,n−1

)
Theorem 5.23 (Base Case DST-2).

DST -22(r) = diag
(
sin rπ

2 , sin rπ
)

F2

DST -22(r) = diag
(
1, 2 cos rπ2

)
F2

Theorem 5.24 (Recursion DST-2).

DST -2n = DST -2n(1/2)

DST -2mn(r) = B
DST-2/U
mn,m

(
DST -2m(r)⊗ In

)(m−1⊕
i=0

DST -2n
(

rmi (r)
))

Mmn
m

DST -2mn(r) = B
DST-2/U
mn,m

(
DST -2m(r)⊗ In

)(m−1⊕
i=0

DST -2n
(

rmi (r)
))

Mmn
m

5.4.2 DCT-2, U-Basis

Definition 87 (Base Change DCT-2, U-Basis).

BDCT -2/U
mn,m =

(
1
2

(
2 I1⊕ Im−1−H2

m

)
⊕
(

In−1⊗S>m
))Lmnn

(
(I1⊕ In−1)⊕ (I1⊕ Jn−1)⊕ · · ·︸ ︷︷ ︸

m summands

)
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Property 5.22 (Base Change DCT-2, U-Basis).

BDCT -2/U
mn,m =



1
In−1

1
2

Jn−1 In−1
− 1

2
1
2

. . . Jn−1 In−1
. . .

. . .
. . .

. . .
. . .

. . .

− 1
2

. . . 1
2

Jn−1 In−1
− 1

2
1
2

Jn−1 In−1


Property 5.23 (Base Change DCT-2, U-Basis).

BDCT -2/U
mn,m = In⊕

(
Im−1⊗( 1

2 ⊕ In−1)
)

+ H1
m⊗(01×1⊕ Jn−1)−H2

m⊗( 1
2 ⊕ 0n−1×n−1)

Property 5.24 (Base Change DCT-2, U-Basis).

B
DCT -2/U
mn,m = diag

((
δmI1 ⊗ δ

n
I1
)

+ 1
2

(
δmI1,m ⊗ δ

n
I1
)

+
(
δmIm ⊗ δ

n
I1,n
))

+

+ mon
(

zm−1m ⊗(ı1 ⊕ n−1), δmIm−1
⊗ δnI1,n

)
+

+ mon
(

zm−2m ⊗ın,− 1
2

(
δmIm−2

⊗ δnI1
))

Theorem 5.25 (Base Case DCT-2).

DCT -32(r) = diag (1, cos rπ) F2

Theorem 5.26 (Recursion DCT-2).

DCT -2n = DCT -2n(1/2)

DCT -2mn(r) = B
DCT-2/U
mn,m

(
DCT -2m(r)⊗ In

)(m−1⊕
i=0

DCT -2n
(

rmi (r)
))

Mmn
m

5.4.3 DST-4, U-Basis

Definition 88 (Base Change DST-4, U-Basis).

B>,DST -4/U
mn,m =

(
S>m⊗ In

)In⊕ Jn⊕ · · ·︸ ︷︷ ︸
m summands

Property 5.25 (Base Change DST-4, U-Basis).

B>,DST -4/U
mn,m =


In
Jn In

Jn In
. . .

. . .

Jn In


Property 5.26 (Base Change DST-4, U-Basis).

B>,DST -4/U
mn,m = Imn + H1

m⊗ Jn
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Property 5.27 (Base Change DST-4, U-Basis).

B>,DST -4/U
mn,m = diag

(
ımn→C)+ mon

(
zm−1m ⊗n, δmIm−1

⊗ ın→C)
Theorem 5.27 (Base Case DST-4).

DST -42(r) =

[
1 0
1 2 cos rπ2

]
F2 diag

(
sin rπ

4 , cos rπ4
)

Theorem 5.28 (Recursion DST-4).

DST -4n = DST -4n(1/2)

DST -4mn(r) = B
>,DST -4/U
mn,m

(
DST -2m(r)⊗ In

)(m−1⊕
i=0

DST -4n
(

rmi (r)
))

Mmn
m

5.4.4 DCT-4, U-Basis

Definition 89 (Base Change DCT-4, U-Basis).

B>,DCT -4/U
mn,m =

(
(Im−H1

m)⊗ In
)In⊕ Jn⊕ · · ·︸ ︷︷ ︸
m summands

Property 5.28 (Base Change DCT-4, U-Basis).

B>DCT -4/U
mn,m =


In
− Jn In

− Jn In
. . .

. . .

− Jn In


Property 5.29 (Base Change DCT-4, U-Basis).

B>,DCT -4/U
mn,m = Imn−H1

m⊗ Jn

Property 5.30 (Base Change DCT-4, U-Basis).

B>,DCT -4/U
mn,m = diag

(
ımn→C)+ mon

(
zm−1m ⊗n, δmIm−1

⊗
(
− ın→C))

Theorem 5.29 (Base Case DCT-4).

DCT -42(r) =

[
1 0
−1 2 cos rπ2

]
F2 diag

(
cos rπ4 , sin

rπ
4

)
Theorem 5.30 (Recursion DCT-4).

DCT -4n = DCT -4n(1/2)

DCT -4mn(r) = B
>,DCT -4/U
mn,m

(
DST -2m(r)⊗ In

)(m−1⊕
i=0

DCT -4n
(

rmi (r)
))

Mmn
m

5.4.5 DCT-2, T-Basis

Definition 90 (Base Change iDCT-3, T-Basis).

C−1,DCT -3/T
mn,m =

(
Im⊕ (In−1⊗Sm)

)Lmnn (
(I1⊕ In−1)⊕ (I1⊕ Jn−1)⊕ · · ·︸ ︷︷ ︸

m summands

)
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Property 5.31 (Base Change iDCT-3, T-Basis).

C−1,DCT -3/T
mn,m =



1
In−1 Jn−1

1
In−1 Jn−1

. . .
. . .

. . .
. . .

1
. . .

In−1 Jn−1
1

In−1


Property 5.32 (Base Change iDCT-3, T-Basis).

C−1,DCT -3/T
mn,m = Imn + U1

m⊗(01×1⊕ Jn−1)

Property 5.33 (Base Change iDCT-3, T-Basis).

C−1,DCT -3/T
mn,m = diag

(
ımn→C)+ mon

(
z1m⊗(ı1 ⊕ n−1), δmI1,m ⊗ δ

n
I1,n
)

Theorem 5.31 (Base Case iDCT-3).

iDCT -32(r) = diag

(
1,

1

2 cos rπ

)
F2

Theorem 5.32 (Recursion DCT-2).

DCT -2n = iDCT -3n(1/2)

iDCT -3mn(r) = C
−1,DCT-3/T
mn,m

(
iDCT -3m(r)⊗ In

)(m−1⊕
i=0

iDCT -3n
(

rmi (r)
))

Mmn
m

5.4.6 DCT-2, T-Basis, Radix-2

Definition 91 (Base Change DCT-2, T-Basis, Radix-2).

C
DCT -2/T
2n,2 =

(
I2⊕

(
In−1⊗(I2−H1

2)
))L2n

n

(
In⊕(I1⊕ Jn−1)

)
Property 5.34 (Base Change DCT-2, T-Basis, Radix-2).

C
DCT -2/T
2n,2 = I2n−H1

2⊗(01⊕ Jn−1)

Definition 92 (Base Change Diagonal DCT-2, T-Basis, Radix-2).

E
DCT -2/T,r
2n,2 = In⊕

(
cos rπ diag

(
I1⊕2 In−1

))
Property 5.35 (Base Change DCT-2, T-Basis, Radix-2).

B
DCT -2/T,r
2n,2 =


I1

In−1
I1 cos rπ

− Jn−1 2 cos rπ In−1


Property 5.36 (Base Change DCT-2, T-Basis, Radix-2).

B
DCT -2/T,r
2n,2 = diag

((
δ2I1 ⊗ ı

n→C)+ cos rπ
(
δ2I1,2 ⊗ δ

n
I1
)

+ 2 cos rπ
(
δ2I1,2 ⊗ δ

n
I1,n
))

+ mon
(

z12⊗(ı1 ⊕ n−1),−δ2I1 ⊗ δ
n
I1,n
)

Theorem 5.33 (Recursion DCT-2).

DCT -32n(r) = B
DCT -2/T,r
2n,2

(
F2⊗ In

)( 1⊕
i=0

DCT -2n
(

r2i (r)
)

M2n
2
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6 Definitions

Definition 93 (Standard Basis). Let en0 , en1 , . . . , e
n
n−1 denote the vectors in Cn×1 with a 1 in the component

given by the subscript and 0 elsewhere. The set

Bn = {eni : i = 0, 1, . . . , n− 1} (1)

is the standard basis of Cn×1.

6.1 Operators

Definition 94 (Matrix Sum).
A = A0 +A1

Definition 95 (Iterative Matrix Sum).

k−1∑
i=0

Ai = A0 + . . .+Ak−1

Definition 96 (Matrix Product).
A = A0A1

Definition 97 (Iterative Matrix Product).

k−1∏
i=0

Ai = A0 · · ·Ak−1

Definition 98 (Matrix Direct Sum).
A = A0 ⊕A1

Definition 99 (Iterative Matrix Direct Sum).

k−1⊕
i=0

Ai = A0 ⊕ . . .⊕Ak−1

Definition 100 (Row Overlapped Matrix Direct Sum).

A = A0 ⊕k A1

Definition 101 (Iterative Row Overlapped Matrix Direct Sum).

m−1⊕
i=0

k Ai = A0 ⊕k . . .⊕k Ak−1

Definition 102 (Column Overlapped Matrix Direct Sum).

A = A0 ⊕k A1

Definition 103 (Iterative Column Overlapped Matrix Direct Sum).

m−1⊕
i=0

k Ai = A0 ⊕k . . .⊕k Ak−1

Definition 104 (Iterative Vertical Stack).

m− 1[ ]
j = 0

Aj =

 A0

...
Am−1
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Definition 105 (Iterative Horizontal Stack).

m− 1[ ]
j = 0

Aj =
[
A0 . . . Am−1

]
Definition 106 (Matrix Tensor Product).

A = A0 ⊗A1

Definition 107 (Matrix Row Overlapped Tensor Product).

A = Im⊗kA0 =

m−1⊕
i=0

k A

Definition 108 (Matrix Column Overlapped Tensor Product).

A = Im⊗kA0 =

m−1⊕
i=0

k A

Definition 109 (Iterative Matrix Tensor Product).

k−1⊗
i=0

Ai = A0 ⊗A1 ⊗ · · · ⊗Ak−1

Definition 110 (Matrix of Matrices).  A00 · · · A0n

...
. . .

...
Am0 · · · Amn


Property 6.1 (Distributivity).

k−1∑
i=0

(
Aix

)
=
(k−1∑
i=0

Ai

)
x.

6.2 Generating Functions

6.2.1 Matrix Generating Functions

Definition 111 (Matrix Generating Function). Matrix generating functions are of type

f :

{
{0, . . . ,m− 1} × {0, . . . , n− 1} → C
(i, j) 7→ f(i, j)

.

Definition 112 (Diagonal Generating Function). Diagonal generating functions are of type

f :

{
{0, . . . , n− 1} → C
i 7→ f(i)

.

Definition 113 (Diagonal Induced Matrix Generating Function). The diagonal generating function

f :

{
{0, . . . , n− 1} → C
i 7→ f(i)
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induces a matrix generation function

f̂ :

{
{0, . . . , n− 1} × {0, . . . , n− 1} → C
(i, j) 7→ f̂(i, j)

with

f̂(i, j) =

{
f(i) if i = j

0 else
.

Definition 114 (Permutation Generating Function). Permutation generating functions are of type

π :

{
{0, . . . , n− 1} → {0, . . . , n− 1}
i 7→ π(i)

with the permutation
π ∈ Sn .

Definition 115 (Permutation Induced Matrix Generating Function). The permutation generating function

π :

{
{0, . . . , n− 1} → {0, . . . , n− 1}
i 7→ π(i)

with the permutation
π ∈ Sn

induces a matrix generation function

π̂ :

{
{0, . . . , n− 1} × {0, . . . , n− 1} → C
(i, j) 7→ π̂(i, j)

with

f̂(i, j) =

{
1 if j = π(i)

0 else
.

6.2.2 Index Mapping Functions

Definition 116 (Index Mapping Functions). Index mapping functions are of form

f :

{
{i0, ..., im} → {j0, ..., jm}
i 7→ f(i)

.

Corollary 6.1 (Index Mapping Function). The index mapping function

f :

{
{i0, ..., im} → {j0, ..., jm}
i 7→ f(i)

induces a matrix generation function

f̂ :

{
{0, . . . , im} × {0, . . . , jm} → C
(i, j) 7→ f̂(i, j)

with

f̂(i, j) =

{
1 if j = f(i)

0 else
.
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Corollary 6.2 (Permutation Generating Functions). The permutation generating function

π :

{
{0, . . . , n− 1} → {0, . . . , n− 1}
i 7→ π(i)

with the permutation
π ∈ Sn .

is a bijective index mapping functions.

6.3 Operations on Functions

6.3.1 Matrix Generating Functions

Definition 117 (Sum of Matrix Generating Functions). The sum of the two matrix generating functions

f :

{
{0, . . . ,m− 1} × {0, . . . , n− 1} → C
(i, j) 7→ f(i, j)

and

g :

{
{0, . . . ,m− 1} × {0, . . . , n− 1} → C
(i, j) 7→ g(i, j)

is given by the matrix generating function

f + g :

{
{0, . . . ,m− 1} × {0, . . . , n− 1} → C
(i, j) 7→ f(i, j) + g(i, j).

Definition 118 (Direct Sum of Matrix Generating Functions). The direct sum of the two matrix generating
functions

f :

{
{0, . . . ,m0 − 1} × {0, . . . , n0 − 1} → C
(i, j) 7→ f(i, j)

and

g :

{
{0, . . . ,m1 − 1} × {0, . . . , n1 − 1} → C
(i, j) 7→ g(i, j)

is given by the matrix generating function

f ⊕ g :

{
{0, . . . ,m0 +m1 − 1} × {0, . . . , n0 + n1 − 1} → C
(i, j) 7→ (f ⊕ g)(i, j)

with

(f ⊕ g)(i, j) =


f(i, j) if (i, j) ∈ {0, . . . ,m0 − 1} × {0, . . . , n0 − 1}
g(i−m0, j − n0) if i ∈ {m0, . . . ,m1 − 1} × {n0, . . . , n1 − 1}
0 else

Definition 119 (Row Overlapped Direct Sum of Matrix Generating Functions). The row overlapped direct
sum of the two matrix generating functions

f :

{
{0, . . . ,m0 − 1} × {0, . . . , n0 − 1} → C
(i, j) 7→ f(i, j)

and

g :

{
{0, . . . ,m1 − 1} × {0, . . . , n1 − 1} → C
(i, j) 7→ g(i, j)
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is given by the matrix generating function

f ⊕k g :

{
{0, . . . ,m0 +m1 − 1} × {0, . . . , n0 + n1 − k − 1} → C
(i, j) 7→ (f ⊕k g)(i, j)

with

(f ⊕k g)(i, j) =


f(i, j) if (i, j) ∈ {0, . . . ,m0 − 1} × {0, . . . , n0 − 1}
g(i−m0, j − n0 − k) if i ∈ {m0, . . . ,m1 − 1} × {n0 − k, . . . , n1 − k − 1}
0 else

Definition 120 (Column Overlapped Direct Sum of Matrix Generating Functions). The column overlapped
direct sum of the two matrix generating functions

f :

{
{0, . . . ,m0 − 1} × {0, . . . , n0 − 1} → C
(i, j) 7→ f(i, j)

and

g :

{
{0, . . . ,m1 − 1} × {0, . . . , n1 − 1} → C
(i, j) 7→ g(i, j)

is given by the matrix generating function

f ⊕k g :

{
{0, . . . ,m0 +m1 − k − 1} × {0, . . . , n0 + n1 − 1} → C
(i, j) 7→ (f ⊕k g)(i, j)

with

(f ⊕k g)(i, j) =


f(i, j) if (i, j) ∈ {0, . . . ,m0 − 1} × {0, . . . , n0 − 1}
g(i−m0 − k, j − n0) if i ∈ {m0 − k, . . . ,m1 − k − 1} × {n0, . . . , n1 − 1}
0 else

Definition 121 (Multiplication of Matrix Generating Functions). The multiplication of the two matrix
generating functions

f :

{
{0, . . . ,m− 1} × {0, . . . , n− 1} → C
(i, j) 7→ f(i, j)

and

g :

{
{0, . . . , n− 1} × {0, . . . , k − 1} → C
(i, j) 7→ g(i, j)

is given by the matrix generating function

fg :

{0, . . . ,m− 1} × {0, . . . , k − 1} → C

(i, j) 7→
n−1∑
r=0

f(i, k)g(k, j).

Definition 122 (Tensor Product of Matrix Generating Functions). The tensor product of the two matrix
generating functions

f :

{
{0, . . . ,m0 − 1} × {0, . . . , n0 − 1} → C
(i, j) 7→ f(i, j)

and

g :

{
{0, . . . ,m1 − 1} × {0, . . . , n1 − 1} → C
(i, j) 7→ g(i, j)

is given by the matrix generating function

f ⊗ g :

{
{0, . . . ,m0m1 − 1} × {0, . . . , n0 n1 − 1} → C
(i, j) 7→ f

(⌊
i
m1

⌋
,
⌊
j
n1

⌋)
g
(
i mod m1, j mod n1

) .
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Definition 123 (Matrices of Matrix Generating Functions). The matrix of the matrix generating functions

fk,l :

{
{0, . . . ,m− 1} × {0, . . . , n− 1} → C
(i, j) 7→ f(i, j)

with (k, l) ∈ {0, . . . ,K − 1} × {0, . . . , L− 1}

is given by the matrix generating function f0,0 · · · f0,L−1
...

. . .
...

fK−1,0 · · · fK−1,L−1

 :

{
{0, . . . ,mK − 1} × {0, . . . , nL− 1} → C
(i, j) 7→ fb imc,b jnc(i mod m, j mod n).

6.3.2 Diagonal Generating Functions

Definition 124 (Sum of Diagonal Generating Functions). The sum of the two diagonal mapping functions

f :

{
{0, . . . , n− 1} → C
i 7→ f(i)

and g :

{
{0, . . . , n− 1} → C
i 7→ g(i)

is given by the diagonal generating function

f + g :

{
{0, . . . , n− 1} → C
i 7→ f(i) + g(i)

.

Definition 125 (Direct Sum of Diagonal Generating Functions). The direct sum of the two diagonal gen-
erating functions

f :

{
{0, . . . ,m− 1} → C
i 7→ f(i)

and g :

{
{0, . . . , n− 1} → C
i 7→ g(i)

is given by the diagonal generation function

f ⊕ g :

{
{0, . . . ,m+ n− 1} → C
i 7→ (f ⊕ g)(i)

with

(f ⊕ g)(i) =

{
f(i) if i ∈ {0, . . . ,m− 1}
g(i−m) if i ∈ {m, . . . , n− 1}

.

Definition 126 (Product of Diagonal Generating Functions). The product of the two diagonal generating
functions

f :

{
{0, . . . , n− 1} → C
i 7→ f(i)

and g :

{
{0, . . . , n− 1} → C
i 7→ g(i)

is given by the diagonal generation function

fg :

{
{0, . . . , n− 1} → C
i 7→ f(i)g(i)

.

Definition 127 (Tensor Product of Diagonal Generating Functions). The tensor product of the two diagonal
generating functions

f :

{
{0, . . . ,m− 1} → C
i 7→ f(i)

and g :

{
{0, . . . , n− 1} → C
i 7→ g(i)

is given by the diagonal generation function

fg :

{
{0, . . . ,mn− 1} → C
(i, j) 7→ f

(⌊
i
n

⌋)
g
(
i mod n

) .
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6.3.3 Permutation Generating Functions

Definition 128 (Direct Sum of Permutation Generating Functions). The direct sum of the two permutation
generating functions

π :

{
{0, . . . ,m− 1} → {0, . . . ,m− 1}
i 7→ π(i)

with π ∈ Sm and

σ :

{
{0, . . . , n− 1} → {0, . . . , n− 1}
i 7→ σ(i)

with σ ∈ Sn is given by the permutation generation function

π ⊕ σ :

{
{0, . . . ,m+ n− 1} → {0, . . . ,m+ n− 1}
i 7→ (π ⊕ σ)(i)

with

(π ⊕ σ)(i) =

{
π(i) if i ∈ {0, . . . ,m− 1}
σ(i−m) +m if i ∈ {m, . . . , n− 1}

and π ⊕ σ ∈ Sm+n.

Definition 129 (Product of Permutation Generating Functions). The product of the two permutation
generating functions

π :

{
{0, . . . , n− 1} → {0, . . . , n− 1}
i 7→ π(i)

with π ∈ Sn and

σ :

{
{0, . . . , n− 1} → {0, . . . , n− 1}
i 7→ σ(i)

with σ ∈ Sn is given by the permutation generation function

πσ :

{
{0, . . . , n− 1} → {0, . . . , n− 1}
i 7→ (π ◦ σ)(i)

with πσ ∈ Sn.

Definition 130 (Tensor Product of Permutation Generating Functions). The tensor product of the two
permutation generating functions

π :

{
{0, . . . ,m− 1} → {0, . . . ,m− 1}
i 7→ π(i)

with π ∈ Sm and

σ :

{
{0, . . . , n− 1} → {0, . . . , n− 1}
i 7→ σ(i)

with σ ∈ Sn is given by the permutation generation function

π ⊗ σ :

{
{0, . . . ,mn− 1} → {0, . . . ,mn− 1}
i 7→ nπ

(⌊
i
n

⌋)
+ σ

(
i mod n

)
with π ⊗ σ ∈ Smn.
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Definition 131 (Inversion of Permutation Generating Functions). The inverse of a permutation generating
functions

π :

{
{0, . . . , n− 1} → {0, . . . , n− 1}
i 7→ π(i)

with π ∈ Sn

is given by the permutation generation function

π−1 :

{
{0, . . . , n− 1} → {0, . . . , n− 1}
i 7→ j with j = π(i)

.

Lemma 6.1. For two permutation generating functions

π ∈ Sm and w ∈ Sn

it holds that

(π ◦ w)−1 = w−1 ◦ π−1

(π ⊕ w)−1 = π−1 ⊕ w−1

(π ⊗ w)−1 = π−1 ⊗ w−1.

6.3.4 Index Mapping Functions

Definition 132 (Concatenation of Index Mapping Functions). The concatenation of the two index mapping
functions

f :

{
I → J

i 7→ f(i)
and g :

{
J → K

i 7→ g(i)

is given by the index mapping function

g ◦ f :

{
I → K

i 7→ g(f(i)).

Definition 133 (Restriction of Index Mapping Functions). For an index mapping function f with

f :

{
I → J

i 7→ f(i)
,

the restriction of f to I1 ⊆ I is defined by

f |I1 :

{
I1 → J

i 7→ f(i) with i ∈ I1
.

Definition 134 (Fusion of Index Mapping Functions). The fusion of two index mapping functions

f :

{
I → J

i 7→ f(i)
and g :

{
K → L

i 7→ g(i)
with I ∩K = ∅

is given by the generating function

f ∪ g :

{
I ∪K → J ∪ L
i 7→ (f ∪ g)(i)

with (f ∪ g)(i) =

{
f(i) if i ∈ I
g(i) if i ∈ K

.

Definition 135 (Splitting of Index Mapping Functions). An index mapping function

f :

{
I → J

i 7→ f(i)
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is split into the family of functions

{fj}j=0,...,k−1 , fj :

{
Ij → J

i 7→ fj(i)

with

f =

k−1⋃
j=0

fj

by partitioning the domain of f into the domains of fj ,

I =

k−1⋃
j=0

Ij , Ik ∩ Il = ∅ for k 6= l,

and defining
fj := f |Ij .

Definition 136 (Pseudo Inversion of Index Mapping Functions). For an injective index mapping function
f with

f :

{
I → J

i 7→ f(i)
,

the pseudo inverse f−1 is defined by

f−1 :

{
f(I)→ I

i 7→ j with f(j) = i

6.4 Index Mapping Functions of Special Type

6.4.1 Interval Mapping Functions

Definition 137 (Interval Mapping Function). A index mapping function of form

f :

{
{0, . . . , n− 1} → {0, . . . , N − 1}
i 7→ f(i)

is called interval mapping function.

Definition 138 (Identity Interval Mapping Function). The identity interval mapping function is given by

ın :

{
{0, . . . , n− 1} → {0, . . . , n− 1}
i 7→ i

.

Definition 139 (Basis Interval Mapping Function). Basis-n interval mapping functions are given by

(j)n :

{
{0} → {0, . . . , n− 1}
i 7→ j

with 0 ≤ j < n.

If the value of m is clear from the context, the shortcut

j := (j)m with 0 ≤ j < n.

is used.
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Property 6.2 (Concatenation of Interval Mapping Functions). The concatenation of the two interval map-
ping functions

f :

{
{0, . . . , n− 1} → {0, . . . , N1 − 1}
i 7→ f(i)

and

g :

{
{0, . . . , N1 − 1} → {0, . . . , N − 1}
i 7→ g(i)

is the interval mapping function

g ◦ f :

{
{0, . . . , n− 1} → {0, . . . , N − 1}
i 7→ g

(
f(i)

)
Definition 140 (Direct Sum of Interval Mapping Functions). The direct sum of the two interval mapping
functions

f :

{
{0, . . . ,m− 1} → {0, . . . ,M − 1}
i 7→ f(i)

and

g :

{
{0, . . . , n− 1} → {0, . . . , N − 1}
i 7→ g(i)

is given by the interval mapping function

f ⊕ g :


{0, . . . ,m+ n− 1} → {0, . . . ,M +N − 1}

i 7→

{
f(i) if i ∈ {0, . . . ,m− 1}
g(i−m) +m if i ∈ {m, . . . , n− 1}

.

Definition 141 (Tensor Product of Interval Mapping Functions). The tensor product of the two interval
mapping functions

f :

{
{0, . . . ,m− 1} → {0, . . . ,M − 1}
i 7→ f(i)

and

g :

{
{0, . . . , n− 1} → {0, . . . , N − 1}
i 7→ g(i)

is given by the interval mapping function

f ⊗ g :

{
{0, . . . ,mn− 1} → {0, . . . ,MN − 1}
i 7→ nf

(⌊
i
n

⌋)
+ g
(
i mod n

) .

Definition 142 (Overlapped Tensor Product of Interval Mapping Functions). The overlapped tensor prod-
uct of the two interval mapping functions

f :

{
{0, . . . ,m− 1} → {0, . . . ,M − 1}
i 7→ f(i)

and

g :

{
{0, . . . , n− 1} → {0, . . . , N − 1}
i 7→ g(i)

is given by the interval mapping function

f ⊗k g :

{
{0, . . . ,mn− 1} → {0, . . . ,MN − 1}
i 7→ (n− k)f

(⌊
i
n

⌋)
+ g
(
i mod n

) .
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Definition 143 (Stacking of Interval Mapping Functions). The stack of the two interval mapping functions

f :

{
{0, . . . , n0 − 1} → {0, . . . , N − 1}
i 7→ f(i)

and

g :

{
{0, . . . , n1 − 1} → {0, . . . , N − 1}
i 7→ g(i)

is given by the interval mapping function[
f

g

]
:

{
{0, . . . , n0 + n1 − 1} → {0, . . . , N − 1}
i 7→

[
f
g

]
(i)

with [
f

g

]
(i) =

{
f(i) if (i, j) ∈ {0, . . . , n0 − 1}
g(i− n0) if i ∈ {n0, . . . , n1 − 1}.

Theorem 6.1 (Decomposition into Interval Mapping Functions). Any index mapping function

f :

{
{i0, ..., im−1} → {j0, ..., jm−1}
i 7→ f(i)

.

can be decomposed into a concatenation of two interval mapping functions,

f = r ◦ w−1,

with

r :

{
{0, . . . ,m− 1} → {0, ..., N − 1}
i 7→ r(i)

with N − 1 ≥ jm−1

and

w :

{
{0, . . . ,m− 1} → {0, ..., N − 1}
i 7→ w(i)

with N − 1 ≥ im−1.

Definition 144 (Locality). The locality of a family of interval mapping functions

{fj}j=0,...,m−1 with fj :

{
{0, . . . , nj − 1} → {0, . . . , N − 1}
i 7→ fj(i)

is defined by

Λ
(
{fj}j=0,...,m−1

)
:=
{
f0
(
{0, . . . , nj − 1}

)
, . . . , fm−1

(
{0, . . . , nj − 1}

)}
.

Lemma 6.2. From
|M | 6= |N |

follows that
Λ
({
rj
}
j∈M

)
6= Λ

({
wj
}
j∈N

)
.
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6.4.2 Additive Separable Functions

Definition 145 (Additive k-Separability). A family of interval mapping functions

{fj}j=0,...,m−1

is additive k-separable if the family {fj} has a common closed form

fj :

{
{0, . . . , nι(j) − 1} → {0, . . . , N − 1}
i 7→ b(j) + sι(j)(i)

for 0 ≤ j < m

with the “base function”

b :

{
{0, . . . ,m− 1} → {0, . . . , N − 1}
j 7→ b(j)

and the family of “stride functions”

{sl}l=0,...,k−1 with sl :

{
{0, . . . , nl − 1} → {0, . . . , N − 1}
i 7→ s′(i, l)

and the “stride instantiation” function

ι :

{
{0, . . . ,m− 1} → {0, . . . , k − 1}
j 7→ ι(j).

Definition 146 (Additive Separability). A family of interval mapping functions

{fj}j=0,...,m−1

is additive separable if it is additive 1-separable, i. e., the family {fj} has a stride function s(i) that is
independent of j:

fj :

{
{0, . . . , n− 1} → {0, . . . , N − 1}
i 7→ b(j) + s(i)

for 0 ≤ j < m.

Lemma 6.3. For two families of additive separable functions

fj :

{
{0, . . . , n− 1} → {0, . . . , N − 1}
i 7→ b(j) + s(i)

with j = 0, . . . ,m− 1

and

gj :

{
{0, . . . , n− 1} → {0, . . . , N − 1}
i 7→ c(j) + t(i)

with j = 0, . . . ,m− 1

the condition
Λ
(
{fj}j=0,...,m−1

)
= Λ

(
{gj}j=0,...,m−1

)
is equivalent to the two conditions

Λ
(
b(j)

)
= Λ

(
c(j)

)
and Λ

(
s(j)

)
= Λ

(
t(j)

)
∀j = 0, . . . ,m− 1.

Lemma 6.4. For two families of additive separable functions

fj :

{
{0, . . . , n− 1} → {0, . . . , N − 1}
i 7→ b(j) + s(i)

with j = 0, . . . ,m− 1

and

gj :

{
{0, . . . , n− 1} → {0, . . . , N − 1}
i 7→ c(j) + t(i)

with j = 0, . . . ,m− 1

57



the condition
Λ
(
fj
)

= Λ
(
gj
)
∀j = 0, . . . ,m− 1.

is equivalent to the two conditions

b(j) = c(j) and Λ
(
s(j)

)
= Λ

(
t(j)

)
∀j = 0, . . . ,m− 1.

Lemma 6.5. For two families of additive separable functions

fj :

{
{0, . . . , n− 1} → {0, . . . , N − 1}
i 7→ b(j) + s(i)

with j = 0, . . . ,m− 1

and

gj :

{
{0, . . . , n− 1} → {0, . . . , N − 1}
i 7→ c(j) + t(i)

with j = 0, . . . ,m− 1

and a permutation

π :

{
{0, . . . ,m− 1} → {0, . . .m− 1}
i 7→ π(i)

, π ∈ Sm,

the condition
fj = gπ(j) ∀j = 0, . . . ,m− 1.

is equivalent to the two conditions

b(j) = c(π(j)) and s(j) = t(j) ∀j = 0, . . . ,m− 1

and
Λ
(
b(j)

)
= Λ

(
c(j)

)
and s(j) = t(j) ∀j = 0, . . . ,m− 1.

Lemma 6.6. For two families of additive separable functions

fj :

{
{0, . . . , n− 1} → {0, . . . , N − 1}
i 7→ b(j) + s(i)

with j = 0, . . . ,m− 1

and

gj :

{
{0, . . . , n− 1} → {0, . . . , N − 1}
i 7→ c(j) + t(i)

with j = 0, . . . ,m− 1

the condition
fj = gj ∀j = 0, . . . ,m− 1.

is equivalent to the two conditions

b(j) = c(j) and s(j) = t(j) ∀j = 0, . . . ,m− 1.

6.4.3 Stride Functions

Definition 147 (Stride Function). A interval mapping function of form

f :

{
{0, . . . , n− 1} → {0, . . . , N − 1}
i 7→ b+ s i

is called stride function.
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Property 6.3 (Concatenation of Stride Functions). The concatenation of the two stride functions

f :

{
{0, . . . , n− 1} → {0, . . . , N1 − 1}
i 7→ b1 + s1 i

and

g :

{
{0, . . . , N1 − 1} → {0, . . . , N − 1}
i 7→ b2 + s2 i

is the stride function

g ◦ f :

{
{0, . . . , n− 1} → {0, . . . , N − 1}
i 7→ (b1s2 + b2) + (s1s2) i

Lemma 6.7 (Inversion of Stride Functions). The family of stride functions

{fj}j=0,...,m−1 with fj :

{
{0, . . . , n− 1} → {0, . . . ,mn− 1}
i 7→ j + im

has the family of pseudo inverses{
f−1j

}
j=0,...,m−1 with f−1j :

{
{j, j +m, . . . , j + (n− 1)m} → {0, . . . , n− 1}
i 7→

⌊
i
m

⌋ .

Definition 148 (Unit Stride Function). A stride function of form

f :

{
{0, . . . , n− 1} → {0, . . . , N − 1}
i 7→ b+ i

is called unit stride function.

Property 6.4 (Concatenation of Unit Stride Functions). The concatenation of the two unit stride functions

f :

{
{0, . . . , n− 1} → {0, . . . , N1 − 1}
i 7→ b1 + i

and

g :

{
{0, . . . , N1 − 1} → {0, . . . , N − 1}
i 7→ b2 + i

is the unit stride function

g ◦ f :

{
{0, . . . , n− 1} → {0, . . . , N − 1}
i 7→ (b1 + b2) + i

Definition 149 (Additive Linear Separability). A family of interval mapping functions

{fj}j=0,...,m−1

is additive linear separable if the family {fj} it is additive separable with a stride “base function”

b :

{
{0, . . . ,m− 1} → {0, . . . , N − 1}
j 7→ uj + v

.

Lemma 6.8 (Inversion of Unit Stride Functions). The family of unit stride functions

{fj}j=0,...,m−1 with fj :

{
{0, . . . , n− 1} → {0, . . . ,mn− 1}
i 7→ jn+ i

has the family of pseudo inverses{
f−1j

}
j=0,...,m−1 with f−1j :

{
{nj, . . . , n(j + 1)− 1} → {0, . . . , n− 1}
i 7→ i mod n

.
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6.4.4 Simplification Rules for Special Functions

In the following, a, b, i, j, n ∈ N0.

Lemma 6.9. For 0 ≤ i < n it holds that ⌊
j +

i

n

⌋
= j.

Lemma 6.10. For 0 ≤ i < n and an ≤ b it holds that⌊
j

a
+
i

b

⌋
=

⌊
j

a

⌋
.

Lemma 6.11. For any a and b it holds that

(a+ b) mod n = (a mod n) + (b mod n).

Lemma 6.12. For 0 ≤ i < n it holds that

(jn+ i) mod n = i

Lemma 6.13. For any a and b it holds that

(ab) mod (an) = a(b mod n).

Lemma 6.14. For any a it holds that ⌊
j +

i

a

⌋
= j +

⌊
i

a

⌋
.

Lemma 6.15. For any a it holds that
an mod n = 0.

Lemma 6.16. For any a,b, and c it holds that

ai+ bj

c
= i

a

c
+ j

b

c

Lemma 6.17. The inverse of the function

f :

{
{0, . . . ,mn− 1} → {0, . . . ,mn− 1}
i 7→

⌊
i
n

⌋
+m(i mod n)

is

f−1 :

{
{0, . . . ,mn− 1} → {0, . . . ,mn− 1}
i 7→

⌊
i
m

⌋
+ n(i mod m)

6.5 Parametrized Matrices

6.5.1 General Matrix

Definition 150 (General Matrix). The generating function

f :

{
{0, . . . ,m− 1} × {0, . . . , n− 1} → C
(i, j) 7→ f(i, j)

.

generates the matrix

matrix (f) =
(
f(i, j)

)
i = 0, . . . ,m − 1
j = 0, . . . , n − 1

∈ Cm×n.
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Theorem 6.2 (Compatibility). Matrix generating function operations and matrix operators are compatible.

matrix(f) + matrix(g) = matrix(f + g)

matrix(f)⊕matrix(g) = matrix(f ⊕ g)

matrix(f)⊕k matrix(g) = matrix(f ⊕k g)

matrix(f)⊕k matrix(g) = matrix(f ⊕k g)

matrix(f) matrix(g) = matrix(f g)

matrix(f)⊗matrix(g) = matrix(f ⊗ g) matrix(f00) · · · matrix(f0n)
...

. . .
...

matrix(fm0) · · · matrix(fmn)

 = matrix


 f00 · · · f0n

...
. . .

...
fm0 · · · fmn




6.5.2 Diagonal Matrices

Definition 151 (Diagonal Matrix). The generating function

f :

{
{0, . . . , n− 1} → C
i 7→ f(i)

.

generates the diagonal matrix

diag(f) = diag (f(0), . . . , f(n− 1)) ∈ Cn×n.

Thus,
diag(f) = matrix(f̂)

with f̂ being the induced matrix generating function.

Theorem 6.3 (Compatibility). Diagonal matrix generating function operations and matrix operators are
compatible.

diag(f) + diag(g) = diag(f + g)

diag(f)⊕ diag(g) = diag(f ⊕ g)

diag(f) diag(g) = diag(fg)

diag(f)⊗ diag(g) = diag(f ⊗ g)

6.5.3 Permutation Matrices

Definition 152 (Permutation Matrix). The generating function

π :

{
{0, . . . , n− 1} → {0, . . . , n− 1}
i 7→ π(i)

with the permutation
π ∈ Sn

generates the permutation
perm(π) = matrix(π̂).

with π̂ being the matrix generating function induced by π.
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Corollary 6.3 (Parametrized Permutation). For

x = (x0, . . . , xn−1)> and y = (y0, . . . , yn−1)> ∈ Cn×1,

the multiplication
y = perm(π)x

produces the vector y with the property
yi = xπ(i).

Theorem 6.4 (Compatibility). Permutation matrix generating function operations and matrix operators
are compatible.

perm(π)⊕ perm(σ) = perm(π ⊕ σ)

perm(π) perm(σ) = perm(πσ)

perm(π)⊗ perm(σ) = perm(π ⊗ σ)

6.5.4 Matrices Induced by Index Mapping Functions

Definition 153 (Splitting of Induced Matrices). A matrix

matrix
(
f̂
)

induced by an index mapping function

f :

{
I → J

i 7→ f(i)

with

f =

k−1⋃
j=0

fj , fj :

{
Ij → Jj

i 7→ fj(i)

can be split into a sum of induced matrices.

matrix

k̂−1⋃
j=0

fj

 =

k−1∑
j=0

matrix
(
f̂j

)
.

6.5.5 Gather Matrices

Definition 154 (Gather Matrix). The gather matrix

GN,n
f := matrix

(
f̂
)

parametrized by the interval mapping function

f :

{
{0, . . . , n− 1} → {0, . . . , N − 1}
i 7→ f(i)

is defined via the matrix generating function f̂ induced by f . A shorthand notation used is

GN,n
i 7→f(i) := GN,n

f with f :

{
{0, . . . , n− 1} → {0, . . . , N − 1}
i 7→ f(i)

,

omitting the domain and range of f as these values are encoded in the parameters N and n of GN,n
f .
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Property 6.5 (Gather Matrix). Gather matrices are stacks of transposed basis vectors:

GN,n
f :=



eN
>

f(0)

eNf(1)
>

...

eNf(n−1)
>


,

where eNi ∈ CN×1 is a vector of the standard basis (1).

Corollary 6.4 (Application of Gather Matrices). For

x = (x0, . . . , xN−1)> ∈ CN×1 and y = (y0, . . . , yn−1)> ∈ Cn×1,

the multiplication
y = GN,n

f x

produces the vector y with the property
yi = xf(i).

Corollary 6.5 (Gather Matrices and Standard Bases).

GN,n
f eNj =

{
eni if j = f(i)

0n else

Example 6.1 (Gather Matrix). For x ∈ C8×1, y ∈ C4×1, y := G8,4
i7→2i x is given by

y := G8,4
i 7→2i x =


1 . . . . . . .
. . 1 . . . . .
. . . . 1 . . .
. . . . . . 1 .





x0
x1
x2
x3
x4
x5
x6
x7


=


x0
x2
x4
x6



with the zeros represented by dots.

6.5.6 Scatter Matrices

Definition 155 (Scatter Matrix). The scatter matrix

SN,nf :=
(

GN,n
f

)>
parametrized by the interval mapping function

f :

{
{0, . . . , n− 1} → {0, . . . , N − 1}
i 7→ f(i)

is defined as the transpose of the corresponding gather matrix GN,n
f . A shorthand notation used is

SN,ni 7→f(i) := SN,nf with f :

{
{0, . . . , n− 1} → {0, . . . , N − 1}
i 7→ f(i)

,

omitting the domain and range of f as these values are encoded in the parameters N and n of SN,nf .
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Property 6.6 (Scatter Matrix). Scatter matrices are rows of basis vectors.

SN,nf :=
(
eNf(0) | e

N
f(1) | · · · | e

N
f(n−1)

)
,

where eNi ∈ CN×1 is a vector of the standard basis (1).

Corollary 6.6 (Application of Scatter Matrices). For

x = (x0, . . . , xn−1)> ∈ Cn×1 and y = (y0, . . . , yN−1)> ∈ CN×1,

the multiplication
y = SN,nf x

produces the vector y with the property

yj =

{
xi if j = f(i)

0 else

Corollary 6.7 (Scatter Matrices and Standard Bases).

SN,nf eni = eNf(i)

Example 6.2 (Scatter Matrix). For x ∈ C4×1, y ∈ C8×1, y := S8,4
i 7→i+4 x is given by

y := S8,4
i 7→i+4 x =



. . . .

. . . .

. . . .

. . . .
1 . . .
. 1 . .
. . 1 .
. . . 1




x0
x1
x2
x8

 =



.

.

.

.
x0
x1
x2
x3


with the zeros represented by dots.

6.6 Algebraic Properties of Gather and Scatter Matrices

Property 6.7 (Trivial Gather Matrix).

GN,N
id = IN

Property 6.8 (Trivial Scatter Matrix).

SN,Nid = IN

Transposition of gather matrices yields scatter matrices.

Property 6.9 (Gather Transposition).

(GN,n
f )> = SN,nf ,

Property 6.10 (Scatter Transposition).

(SN,nf )> = GN,n
f .

Multiplication of gather matrices with scatter matrices yields identity matrices.

Property 6.11 (Gather/Scatter Identity).

GN,n
f SN,nf = In .
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Property 6.12 (Scatter/Gather Identity).

SN,nf GN,n
f = diag (δf (i))

with the generating function

δf :

{
{0, ..., N − 1} → C
i 7→ δf (i)

with δf (i) =

{
1 if i ∈ f ({0, . . . , n− 1})
0 else

A product of two gather matrices is a gather matrix.

Property 6.13 (Gather Multiplicativity).

GN1,n
f GN,N1

g = GN,n
g◦f .

A product of two scatter matrices is a scatter matrix.

Property 6.14 (Scatter Multiplicativity).

SN,N1

f SN1,n
g = SN,nf◦g

A stack of two gather matrices is a gather matrix.

Property 6.15 (Gather Stacking). [
G
N,n1
f

G
N,n2
g

]
= GN,n1+n2

[ fg ]

A row of two scatter matrices is a scatter matrix.

Property 6.16 (Scatter Stacking). [
SN,n1

f SN,n2
g

]
= SN,n1+n2

[ fg ]

Property 6.17 (Gather/Scatter Multiplicativity).

GN,n
f SN,ng = perm(f ◦ g) for Λ(f) = Λ(g).

Property 6.18 (Permutation as Gather Matrix).

GN,N
π = perm(π) for π ∈ SN

Property 6.19 (Permutation as Scatter Matrix).

SN,Nπ = perm(π−1) for π ∈ SN

Property 6.20 (Gather/Permutation Multiplicativity).

GN,n
f perm(π) = GN,n

π◦f for π ∈ SN .

Property 6.21 (Permutation/Gather Multiplicativity).

perm(π) GN,n
f = GN,n

f◦π for π ∈ Sn .

Property 6.22 (Scatter/Permutation Multiplicativity).

SN,nf perm(π) = SN,nf◦π−1 for π ∈ Sn .

Property 6.23 (Permutation/Scatter Multiplicativity).

perm(π) SN,nf = SN,nπ−1◦f for π ∈ SN .
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Theorem 6.5 (Index Mapping Decomposition). The matrix

matrix
(
f̂
)

generated by the matrix generation function induced by an index mapping function

f :

{
{i0, ..., im−1} → {j0, . . . , jm−1}
i 7→ f(i)

with
f = r ◦ w−1,

can be factored into a product of a scatter and gather matrix,

Sim−1,m
w Gjm−1,m

r ,

with

r :

{
{0, . . . ,m− 1} → {j0, . . . , jm−1}
i 7→ r(i)

and

w :

{
{0, . . . ,m− 1} → {i0, ..., im−1}
i 7→ w(i)

.

7 Expressing Constructs using Gather, Scatter and Iterative Sums

7.1 Iterative Constructs

The iterative constructs covered here are all translated into a iterative sum of k parametriced matrices Aj
using the gather and scatter operators GN,n

rj and SM,m
wj parameterized by iteration dependent index mapping

functions

rj :

{
{0, . . . , n− 1} → {0, . . . , N − 1}
i 7→ r′(i, j)

and

wj :

{
{0, . . . ,m− 1} → {0, . . . ,M − 1}
i 7→ w′(i, j)

leading to an equation

constructk−1j=0Aj =

k−1∑
j=0

SM,m
i7→w′(i,j)Aj GN,n

i7→r′(i,j)

Theorem 7.1 (Iterative Sum).

k−1∑
j=0

Aj =

k−1∑
j=0

Smk,mi 7→i Aj Gnk,n
i 7→i with Aj ∈ Cm×n

Theorem 7.2 (Iterative Direct Sum).

k−1⊕
j=0

Aj =

k−1∑
j=0

Smk,mi 7→jm+iAj Gnk,n
i 7→jn+i with Aj ∈ Cm×n

Theorem 7.3 (Iterative Row Overlapped Direct Sum).

k−1⊕
j=0

rAj =

k−1∑
j=0

Smk,mi7→jm+iAj G
(n−r)k+r,n
i 7→j(n−r)+i with Aj ∈ Cm×n
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Theorem 7.4 (Iterative Column Overlapped Direct Sum).

k−1⊕
j=0

rAj =

k−1∑
j=0

S
(m−r)k+r,m
i 7→j(m−r)+iAj Gnk,n

i7→jn+i with Aj ∈ Cm×n

Theorem 7.5 (Parallel Tensor Product).

Ik ⊗A =

k−1∑
j=0

Smk,mi 7→jm+iAGnk,n
i 7→jn+i with A ∈ Cm×n

Theorem 7.6 (Row Overlapped Tensor Product).

Ik ⊗rA =

k−1∑
j=0

Smk,mi 7→jm+iAj G
(n−r)k+r,n
i 7→j(n−r)+i with A ∈ Cm×n

Theorem 7.7 (Column Overlapped Tensor Product).

Ik ⊗rA =

k−1∑
j=0

S
(m−r)k+r,m
i 7→j(m−r)+iAj Gnk,n

i 7→jn+i with A ∈ Cm×n

Theorem 7.8 (Vector Tensor Product).

A⊗ Ik =

k−1∑
j=0

Smk,mi 7→j+ik AGnk,n
i 7→j+ik with A ∈ Cm×n

7.2 Parametrized Constructs

7.2.1 Matrices of Matrices

Theorem 7.9 (Matrix of Matrices). A0,0 · · · A0,S−1
...

. . .
...

AR−1,0 · · · AR−1,S−1

 =

R−1∑
j=0

S−1∑
k=0

SmR,mi7→jm+iAj,k GnS,n
i 7→kn+i with Aj,k ∈ Cm×n

Corollary 7.1 (Horizontal Stack of Matrices).

S − 1[ ]
j = 0

Aj =

S−1∑
j=0

Sm,mid Aj GnS,n
i7→jn+i with Aj ∈ Cm×n

Corollary 7.2 (Vertical Stack of Matrices).

R− 1[ ]
j = 0

Aj =

R−1∑
j=0

SRm,mi 7→jm+iAj Gn,n
id with Aj ∈ Cm×n

7.2.2 Diagonal Matrices

Theorem 7.10 (Diagonal Matrices). For any family of interval mapping functions

{
bj
}
j=0,...,k−1 with bj :

{
{0, . . . , nj − 1} → {0, . . . , n− 1}
i 7→ bj(i)
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that factors the identity by

idn =

k−1⋃
j=0

bjb
−1
j ,

a diagonal matrix

diag(f) ∈ Cn×n with f :

{
{0, . . . , n− 1} → C
i 7→ f(i)

can be expressed as sum with k iterations by

diag(f) =

k−1∑
j=0

S
n,nj
b(j) diag(fj) G

n,nj
b(j) with fj = f ◦ bj .

Corollary 7.3 (Diagonal Matrices). A diagonal matrix

diag(f) ∈ Cn×n with f :

{
{0, . . . , n− 1} → C
i 7→ f(i)

can be expressed as sum with k iterations (k|n) by

diag(f) =

k−1∑
j=0

S
n,nk
i7→j nk+i

diag(fj) G
n,nk
i 7→j nk+i

with fj :

{{
0, . . . , nk − 1

}
→ C

i 7→ f
(
j nk + i

)
Corollary 7.4 (Diagonal Matrices). A diagonal matrix

diag(f) ∈ Cn×n with f :

{
{0, . . . , n− 1} → C
i 7→ f(i)

can be expressed as sum with k iterations (k|n) by

diag(f) =

k−1∑
j=0

S
n,nk
i 7→j+ik diag(fj) G

n,nk
i 7→j+ik with fj :

{{
0, . . . , nk − 1

}
→ C

i 7→ f(j + ik)

7.3 Permutations

7.3.1 Permutation Generating Functions

Theorem 7.11 (Domain Splitting of Permutation Generating Functions). A permutation generating func-
tion

π :

{
{0, . . . , n− 1} → {0, . . . , n− 1}
i 7→ π(i)

with π ∈ Sn

is split into the family of index mapping functions

{πj}j=0,...,k−1 , πj :

{
Ij → J

i 7→ πj(i)

with

π =

k−1⋃
j=0

πj

by partitioning the domain of π into the domains of πj ,

{0, . . . , n− 1} =

k−1⋃
j=0

Ij , Ik ∩ Il = ∅ for k 6= l,

and defining
πj := π|Ij .
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Theorem 7.12 (Range Splitting of Permutation Generating Functions). A permutation generating function

π :

{
{0, . . . , n− 1} → {0, . . . , n− 1}
i 7→ π(i)

with π ∈ Sn

is split into the family of index mapping functions

{πj}j=0,...,k−1 , πj :

{
Ij → J

i 7→ πj(i)

with

π =

k−1⋃
j=0

πj

by partitioning the range of π into the domains of πj ,

{0, . . . , n− 1} =

k−1⋃
j=0

Jj , Jk ∩ Jl = ∅ for k 6= l,

and defining

πj :=
(
π−1|Jj

)−1
.

Theorem 7.13 (Decomposition into Interval Mapping Functions). Any permutation generation function

π :

{
{0, . . . , n− 1} → {0, . . . , n− 1}
i 7→ π(i)

with π ∈ Sn

can be decomposed into a fusion of concatenations of two families of interval mapping functions,

π =

k−1⋃
j=0

rj ◦ w−1j ,

with

rj :

{
{0, . . . ,mj − 1} → {0, . . . , n− 1}
i 7→ r′(i, j)

and

wj :

{
{0, . . . ,mj − 1} → {0, . . . , n− 1}
i 7→ w′(i, j)

.

Theorem 7.14 (Decomposition w.r.t. Interval Mapping Functions). For any family of interval mapping
functions {

bj
}
j=0,...,k−1 with bj :

{
{0, . . . , nj − 1} → {0, . . . , n− 1}
i 7→ bj(i)

that factors the identity by

idn =

k−1⋃
j=0

bjb
−1
j ,

a permutation matrix

π :

{
{0, . . . , n− 1} → {0, . . . , n− 1}
i 7→ π(i)

with π ∈ Sn
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can be expressed as

π =

k−1⋃
j=0

bj
(
b−1j ◦ π

)
and

π =

k−1⋃
j=0

(π ◦ bj) b−1j .

Definition 156 (Input Locality). A split permutation generation function

π =

k−1⋃
j=0

rj ◦ w−1j with π ∈ Sn

and the corresponding interval mapping family

{rj}j=0,...,m−1 with rj :

{
{0, . . . , nj − 1} → {0, . . . , N − 1}
i 7→ rj(i)

has input locality

Λ
(
{rj}j=0,...,m−1

)
.

Definition 157 (Output Locality). A split permutation generation function

π =

k−1⋃
j=0

rj ◦ w−1j with π ∈ Sn

and the corresponding interval mapping family

{wj}j=0,...,m−1 with wj :

{
{0, . . . , nj − 1} → {0, . . . , N − 1}
i 7→ rj(i)

has output locality

Λ
(
{wj}j=0,...,m−1

)
.

Definition 158 (Additive k-Separability w.r.t. Input Locality). A permutation generation function

π with π ∈ Sn :

{
{0, . . . , n− 1} → {0, . . . , n− 1}
i 7→ π(i)

is additive k-separable with respect to an input locality

Φ =
{
Ij
}
j=0,...,m−1

if π can be factorized into two additive k-separable families, i. e.,

π =

m−1⋃
j=0

rj ◦ w−1j

and if {rj}j=0...,m−1 and {wj}j=0...,m−1 are additive k-separable and

Λ
({
rj
}
j=0...,m−1

)
= Φ.
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Definition 159 (Additive k-Separability w.r.t. Output Locality). A permutation generation function

π with π ∈ Sn :

{
{0, . . . , n− 1} → {0, . . . , n− 1}
i 7→ π(i)

is additive k-separable with respect to an output locality

Ψ =
{
Ij
}
j=0,...,m−1

if π can be factorized into two additive k-separable families, i. e.,

π =

m−1⋃
j=0

rj ◦ w−1j with

and
Λ
({
wj
}
j=0...,m−1

)
= Ψ.

Definition 160 (Additive k-Separability). A permutation generation function

π with π ∈ Sn :

{
{0, . . . , n− 1} → {0, . . . , n− 1}
i 7→ π(i)

is additive k-separable if an input locality Φ exists that π is additive k-separable with respect to input
locality Φ or if an output locality Ψ exists that π is additive k-separable with respect to output locality Ψ.

Definition 161 (Additive Separability w.r.t. Input Locality). A permutation generation function

π with π ∈ Sn :

{
{0, . . . , n− 1} → {0, . . . , n− 1}
i 7→ π(i)

is additive separable with respect to an input locality

Φ =
{
Ij
}
j=0,...,m−1

if it is additive 1-separable with respect to input locality Φ.

Definition 162 (Additive Separability w.r.t. Output Locality). A permutation generation function

π with π ∈ Sn :

{
{0, . . . , n− 1} → {0, . . . , n− 1}
i 7→ π(i)

is additive separable with respect to an output locality

Ψ =
{
Ij
}
j=0,...,m−1

if it is additive 1-separable with respect to output locality Ψ.

Definition 163 (Additive Separability). A permutation generation function

π with π ∈ Sn :

{
{0, . . . , n− 1} → {0, . . . , n− 1}
i 7→ π(i)

is additive separable if an input locality Φ exists that π is additive separable with respect to input locality
Φ or if an output locality Ψ exists that π is additive separable with respect to output locality Ψ.
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7.3.2 Splitting Permutations into Iterative Sums

Theorem 7.15 (Permutation Splitting). The permutation matrix

perm (π)

generated by an permutation generating function

π :

{
{0, . . . , n− 1} → {0, . . . , n− 1}
i 7→ π(i)

with

π =

m−1⋃
j=0

rj ◦ w−1j π ∈ Sn

can be expressed by the iterative sum

perm (π) =

m−1∑
j=0

S
n,mj
i7→wj(i) G

n,mj
i 7→rj(i) .

Theorem 7.16 (Permutation Additive k-Splitting). The permutation matrix

perm (π)

generated by an permutation generating function

π :

{
{0, . . . , n− 1} → {0, . . . , n− 1}
i 7→ π(i)

with

π =

m−1⋃
j=0

rj ◦ w−1j π ∈ Sn

that is additive k-separable can be expressed by the iterative sum

perm (π) =

m−1∑
j=0

S
n,mι(j)
i 7→bw(j)+sw

ι(j)
(i) G

n,mι(j)
i7→br(j)+sr

ι(j)
(i) .

Theorem 7.17 (Permutation Additive Splitting). The permutation matrix

perm (π)

generated by an permutation generating function

π :

{
{0, . . . , n− 1} → {0, . . . , n− 1}
i 7→ π(i)

with

π =

m−1⋃
j=0

rj ◦ w−1j π ∈ Sn

that is additive separable can be expressed by the iterative sum

perm (π) =

m−1∑
j=0

Sn,mi 7→bw(j)+sw(i) Gn,m
i 7→br(j)+sr(i) .
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Theorem 7.18 (Permutation Linear Splitting). The permutation matrix

perm (π)

generated by an permutation generating function

π :

{
{0, . . . , n− 1} → {0, . . . , n− 1}
i 7→ π(i)

with

π =

m−1⋃
j=0

rj ◦ w−1j π ∈ Sn

that is linear separable can be expressed by the iterative sum

perm (π) =

m−1∑
j=0

Sn,mi 7→uw+vwj+sw(i) Gn,m
i 7→ur+vrj+sr(i) .

7.3.3 Basic Permutations

Definition 164 (Identity Permutation Generating Function). The identity permutation

In = perm (ın)

is generated by

ın :

{
{0, . . . , n− 1} → {0, . . . , n− 1}
i 7→ i

.

Theorem 7.19 (Linear Separability of Identity Permutations). The identity permutation

In = perm (ın)

is for all k|n linear separable with respect to the input locality

Φk =
{{

j
n

k
+ i : i = 0, . . . ,

n

k
− 1
}

: j = 0, . . . , k − 1
}

and output locality

Ψk =
{{

j
n

k
+ i : i = 0, . . . ,

n

k
− 1
}

: j = 0, . . . , k − 1
}
.

Corollary 7.5 (Identity Permutation Splitting). The identity permutation

In = perm (ın)

can be expressed by the iterative sum

In =

k−1∑
j=0

S
n,nk
i7→j nk+i

G
n,nk
i7→j nk+i

, k|n.

Lemma 7.1. The identity permutation generating function ın can be factored into

ın =

k−1⋃
j=0

rj ◦ w−1j , k|n, (2)

with

rj :

{{
0, . . . , nk − 1

}
→ {0, . . . , n− 1}

i 7→ j nk + i

and

wj :

{{
0, . . . , nk − 1

}
→ {0, . . . , n− 1}

i 7→ j nk + i
.
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Definition 165 (Opposite Diagonal Permutation Generating Function). The opposite diagonal permutation

Jn = perm (n)

is generated by

n :

{
{0, . . . , n− 1} → {0, . . . , n− 1}
i 7→ n− 1− i

.

Theorem 7.20 (Linear Separability of Opposite Diagonal Permutations). The opposite diagonal permuta-
tion

Jn = perm (n)

is for all k|n linear separable with respect to the input locality

Φk =
{{

j
n

k
+ i : i = 0, . . . ,

n

k
− 1
}

: j = 0, . . . , k − 1
}

and output locality

Ψk =
{{

j
n

k
+ i : i = 0, . . . ,

n

k
− 1
}

: j = 0, . . . , k − 1
}
.

Corollary 7.6 (Opposite Diagonal Permutation Splitting). The opposite diagonal permutation

Jn = perm (n)

can be expressed by the iterative sums

Jn =

k−1∑
j=0

S
n,nk
i 7→j nk+i

G
n,nk
i 7→(n−1)−j nk−i

, k|n

and

Jn =

k−1∑
j=0

S
n,nk
i 7→(n−1)−j nk−i

G
n,nk
i 7→j nk+i

, k|n.

Lemma 7.2. The opposite diagonal generating function n can be factored into

n =

k−1⋃
j=0

rj ◦ w−1j , k|n, (3)

with

rj :

{{
0, . . . , nk − 1

}
→ {0, . . . , n− 1}

i 7→ (n− 1)− j nk − i

and

wj :

{{
0, . . . , nk − 1

}
→ {0, . . . , n− 1}

i 7→ j nk + i
.

Lemma 7.3. The opposite diagonal generating function n can be factored into

n =

k−1⋃
j=0

rj ◦ w−1j , k|n, (4)

with

rj :

{{
0, . . . , nk − 1

}
→ {0, . . . , n− 1}

i 7→ j nk + i
.

and

wj :

{{
0, . . . , nk − 1

}
→ {0, . . . , n− 1}

i 7→ (n− 1)− j nk − i
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Lemma 7.4. Factorizations (2)-(4) have input locality

Λ
({
rj
}
j=0...,m−1

)
=
{{

j
n

k
+ i : i = 0, . . . ,

n

k
− 1
}

: j = 0, . . . , k − 1
}

and output locality

Λ
({
wj
}
j=0...,m−1

)
=
{{

j
n

k
+ i : i = 0, . . . ,

n

k
− 1
}

: j = 0, . . . , k − 1
}
.

7.3.4 Stride Permutations

Definition 166 (Stride Permutation Generating Function). The stride permutation

Lmnm = perm (`mnm )

is generated by

`mnm :


{0, . . . ,mn− 1} → {0, . . . ,mn− 1}

i 7→

{
(im) mod (mn− 1) if i < mn− 1

mn− 1 if i = mn− 1

.

Corollary 7.7 (Stride Permutation Generating Function). The stride permutation

Lmnm = perm (`mnm )

is generated by

`mnm :

{
{0, . . . ,mn− 1} → {0, . . . ,mn− 1}
i 7→

⌊
i
n

⌋
+m(i mod n)

.

Theorem 7.21 (Linear Separability of Stride Permutations). The stride permutation

Lmnm = perm (`mnm )

is linear separable with respect to the input localities

Φ0 =
{
{j + im : i = 0, . . . , n− 1} : j = 0, . . . ,m− 1

}
as well as

Φ1 =
{
{jm+ i : i = 0, . . . ,m− 1} : j = 0, . . . , n− 1

}
and output localities

Ψ0 =
{
{jn+ i : i = 0, . . . , n− 1} : j = 0, . . . ,m− 1

}
as well as

Ψ1 =
{
{j + in : i = 0, . . . ,m− 1} : j = 0, . . . , n− 1

}
.

Corollary 7.8 (Stride Permutation Splitting). The stride permutation

Lmnm = perm (`mnm )

can be expressed by the iterative sums

Lmnm =

m−1∑
j=0

Smn,ni 7→jn+i Gmn,n
i7→j+im

and

Lmnm =

n−1∑
j=0

Smn,mi 7→j+in Gmn,m
i 7→jm+i .
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Lemma 7.5. The stride permutation generating function `mnm can be factored into

`mnm =

m−1⋃
j=0

rj ◦ w−1j (5)

with

rj :

{
{0, . . . , n− 1} → {0, . . . ,mn− 1}
i 7→ j + im

and

wj :

{
{0, . . . , n− 1} → {0, . . . ,mn− 1}
i 7→ jn+ i

.

Lemma 7.6. Factorization (5) has input locality

Λ
({
rj
}
j=0...,m−1

)
=
{
{j + im : i = 0, . . . , n− 1} : j = 0, . . . ,m− 1

}
and output locality

Λ
({
wj
}
j=0...,m−1

)
=
{
{jn+ i : i = 0, . . . , n− 1} : j = 0, . . . ,m− 1

}
.

Lemma 7.7. The stride permutation generating function `mnm can be factored into

`mnm =

n−1⋃
j=0

rj ◦ w−1j (6)

with

rj :

{
{0, . . . ,m− 1} → {0, . . . ,mn− 1}
i 7→ jm+ i

and

wj :

{
{0, . . . ,m− 1} → {0, . . . ,mn− 1}
i 7→ j + in

.

Lemma 7.8. Factorization (6) has input locality

Λ
({
rj
}
j=0...,m−1

)
=
{
{jm+ i : i = 0, . . . ,m− 1} : j = 0, . . . , n− 1

}
and output locality

Λ
({
wj
}
j=0...,m−1

)
=
{
{j + in : i = 0, . . . ,m− 1} : j = 0, . . . , n− 1

}
.

7.3.5 Affine Permutations

Definition 167 (Affine Permutation Generating Function). The affine permutation

An
a,b = perm

(
αna,b

)
, a - n

is generated by

αna :

{
{0, . . . , n− 1} → {0, . . . , n− 1}
i 7→ ai+ b mod n

, a - n.

Corollary 7.9 (Affine Permutation Generating Function). The affine permutation

An
a = perm (αna) , a - n , a | n+ 1

is generated by

An
a :

{
{0, . . . , n− 1} → {0, . . . , n− 1}
i 7→

⌊
ai
n+1

⌋
+ a(i mod n+1

a )
.
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7.3.6 Multiplicative Structure Permutations

Definition 168 (Multiplicative Permutation Generating Function). The multiplicative permutation

Kn
a,b = perm

(
κna,b

)
, n prime and a primitive element in Zn,

is generated by

κna,b :

{
{0, . . . , n− 2} → {0, . . . , n− 2}
i 7→ (bai mod n)− 1

.

8 Manipulation of Iterative Sums

8.1 Fusion of Compatible Sums

8.1.1 Fusing General Sums

In the following, the product
AB (7)

of two iterative sums

A =

m−1∑
j=0

SN3,n3,j
wA,j Aj GN,n2,j

rA,j , Aj ∈ Cn3,j×n2,j , A ∈ CN3×N

and

B =

m−1∑
k=0

SN,n1,k
wB,k

Bk GN0,n0,k
rB,k

, Bk ∈ Cn1,k×n0,k , B ∈ CN×N0

is considered.

Theorem 8.1 (Fusion of Iterative Sums: Λ({fj}) Compatible). If

Λ
(
{rA,j}j=0,...,m−1

)
= Λ

(
{wB,k}k=0,...,m−1

)
the product (7) can be fused into a single iterative sum

AB =

m−1∑
j=0

SN3,n3,j
wA,j Aj perm

(
w−1B,π(j) ◦ rA,j

)
Bπ(j) G

N0,n0,π(j)
rB,π(j)

with a permutation

π :

{
{0, . . . ,m− 1} → {0, . . .m− 1}
i 7→ π(i)

, π ∈ Sm,

satisfying the condition
Λ
(
rA,j

)
= Λ

(
wB,π(j)

)
∀j = 0, . . . ,m− 1.

Theorem 8.2 (Fusion of Iterative Sums: Λ(fj) Compatible). If

Λ
(
rA,j

)
= Λ

(
wB,j

)
∀j = 0, . . . ,m− 1

the product (7) can be fused into a single iterative sum

AB =

m−1∑
j=0

SN3,n3,j
wA,j Aj perm

(
w−1B,j ◦ rA,j

)
Bj GN0,n0,j

rB,j .
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Theorem 8.3 (Fusion of Iterative Sums: fπ(j) Compatible). If a permutation

π :

{
{0, . . . ,m− 1} → {0, . . .m− 1}
i 7→ π(i)

, π ∈ Sm,

exists that
rA,j = wB,π(j) ∀j = 0, . . . ,m− 1,

the product (7) can be fused into a single iterative sum

AB =

m−1∑
j=0

SN3,n3,j
wA,j AjBπ(j) G

N0,n0,π(j)
rB,π(j)

.

Theorem 8.4 (Fusion of Iterative Sums: fj Compatible). If

rA,j = wB,j ∀j = 0, . . . ,m− 1,

the product (7) can be fused into a single iterative sum

AB =

m−1∑
j=0

SN3,n3,j
wA,j AjBj GN0,n0,j

rB,j .

8.1.2 Fusing Sums With Additive Gather and Scatter

In the following, the product
AB (8)

of two iterative sums

A =

m−1∑
j=0

SN3,n3,j
wA,j Aj GN,n

rA,j , Aj ∈ Cn3,j×n, A ∈ CN3×N (9)

and

B =

m−1∑
j=0

SN,nwB,j Bj GN0,n0,j
rB,j , Bj ∈ Cn×n0,j , B ∈ CN×N0 (10)

with additive separable functions

rA,j :

{
{0, . . . , n− 1} → {0, . . . , N − 1}
i 7→ b(j) + s(i)

and

wB,j :

{
{0, . . . , n− 1} → {0, . . . , N − 1}
i 7→ c(j) + t(i)

is considered.

Theorem 8.5 (Fusion of Iterative Sums: Λ({fj}) Compatible). If

Λ
(
b(j)

)
= Λ

(
c(j)

)
and Λ

(
s(j)

)
= Λ

(
t(j)

)
∀j = 0, . . . ,m− 1

the product (8) can be fused into a single iterative sum

AB =

m−1∑
j=0

SN3,n3,j
wA,j Aj perm

(
t−1 ◦ s

)
Bπ(j) G

N0,n0,π(j)
rB,π(j)
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with a permutation

π :

{
{0, . . . ,m− 1} → {0, . . .m− 1}
i 7→ π(i)

, π ∈ Sm,

satisfying the condition
b(j) = c(π(j)) ∀j = 0, . . . ,m− 1.

Theorem 8.6 (Fusion of Iterative Sums: Λ(fj) Compatible). If

b(j) = c(j) and Λ
(
s(j)

)
= Λ

(
t(j)

)
∀j = 0, . . . ,m− 1.

the product (8) can be fused into a single iterative sum

AB =

m−1∑
j=0

SN3,n3,j
wA,j Aj perm

(
t−1 ◦ s

)
Bj GN0,n0,j

rB,j .

Theorem 8.7 (Fusion of Iterative Sums: fπ(j) Compatible). If

Λ
(
b(j)

)
= Λ

(
c(j)

)
and s(j) = t(j) ∀j = 0, . . . ,m− 1.

then a permutation

π :

{
{0, . . . ,m− 1} → {0, . . .m− 1}
i 7→ π(i)

, π ∈ Sm,

exists that the product (8) can be fused into a single iterative sum

AB =

m−1∑
j=0

SN3,n3,j
wA,j AjBπ(j) G

N0,n0,π(j)
rB,π(j)

.

Theorem 8.8 (Fusion of Iterative Sums: fj Compatible). If

b(j) = c(j) and s(j) = t(j) ∀j = 0, . . . ,m− 1.

the product (8) can be fused into a single iterative sum

AB =

m−1∑
j=0

SN3,n3,j
wA,j AjBj GN0,n0,j

rB,j .

8.1.3 Fusing Sums and Diagonals

Corollary 8.1 (Commuting Gather with Vertical Stack). For

Aj ∈ Cm×n , 0 ≤ j < k

and

r :

{
{0, . . . , l − 1} → {0, . . . , k − 1}
i 7→ r(i)

it holds that

Gkm,lm
r⊗ım

 k − 1[ ]
j = 0

Aj

 =

l− 1[ ]
j = 0

Ar(j).
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Corollary 8.2 (Commuting Gather with Overlapped Direct Sum). For

Aj ∈ Cm×n , 0 ≤ j < k

and

r :

{
{0, . . . , l − 1} → {0, . . . , k − 1}
i 7→ r(i)

it holds that

Gkm,lm
r⊗ım

k−1⊕
j=0

tAj

 =

 l−1⊕
j=0

Ar(j)

G
k(n−t)+t,ln
r⊗tın .

Corollary 8.3 (Commuting Gather with Direct Sum). For

Aj ∈ Cm×n , 0 ≤ j < k

and

r :

{
{0, . . . , l − 1} → {0, . . . , k − 1}
i 7→ r(i)

it holds that

Gkm,lm
r⊗ım

k−1⊕
j=0

Aj

 =

 l−1⊕
j=0

Ar(j)

Gkn,ln
r⊗ın .

Corollary 8.4 (Commuting Gather with Diagonals). For

f :

{
{0, . . . , N − 1} → C
i 7→ f(i)

and

r :

{
{0, . . . , n− 1} → {0, . . . , N − 1}
i 7→ r(i)

it holds that
GN,n
r diag(f) = diag(f ◦ r) GN,n

r .

Corollary 8.5 (Fusing Sums with Diagonals). Any product

A =

m−1∑
j=0

SN,njwj Aj GN,nj
rj

 diag(f)

with

f :

{
{0, . . . , N − 1} → C
i 7→ f(i)

can be written as

A =

m−1∑
j=0

SN,njwj Aj diag(fj) GN,nj
rj

with

fj :

{
{0, . . . , nj − 1} → C
i 7→ (f ◦ rj)(i)

.
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Corollary 8.6 (Commuting Scatter with Horizontal Stack). For

Aj ∈ Cm×n , 0 ≤ j < k

and

w :

{
{0, . . . , l − 1} → {0, . . . , k − 1}
i 7→ w(i)

it holds that  k − 1[ ]
j = 0

Aj

 Skn,lnw⊗ın =

l− 1[ ]
j = 0

Aw(j).

Corollary 8.7 (Commuting Scatter with Overlapped Direct Sum). For

Aj ∈ Cm×n , 0 ≤ j < k

and

w :

{
{0, . . . , l − 1} → {0, . . . , k − 1}
i 7→ w(i)

it holds that k−1⊕
j=0

tAj

 Skn,lnw⊗ım = S
k(n−t)+t,ln
w⊗tın

 l−1⊕
j=0

Aw(j)

 .

Corollary 8.8 (Commuting Scatter with Direct Sum). For

Aj ∈ Cm×n , 0 ≤ j < k

and

w :

{
{0, . . . , l − 1} → {0, . . . , k − 1}
i 7→ r(i)

it holds that k−1⊕
j=0

Aj

Skn,lnw⊗ın = Skm,lmw⊗ım

 l−1⊕
j=0

Aw(j)

 .

Corollary 8.9 (Commuting Scatter with Diagonals). For

f :

{
{0, . . . , N − 1} → C
i 7→ f(i)

and

w :

{
{0, . . . , n− 1} → {0, . . . , N − 1}
i 7→ r(i)

it holds that
diag(f) SN,nw = SN,nw diag(f ◦ w).

Corollary 8.10 (Fusing Diagonals with Sums). Any product

A = diag(f)

m−1∑
j=0

SN,njwj Aj GN,nj
rj


with

f :

{
{0, . . . , N − 1} → C
i 7→ f(i)
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can be written as

A =

m−1∑
j=0

SN,njwj diag(fj)Aj GN,nj
rj

with

fj :

{
{0, . . . , nj − 1} → C
i 7→ (f ◦ wj)(i)

.

Example 8.1 (Fusing Diagonals with Tensor Products). This example shows how to obtain a single iterative
sum for the construct

(An ⊗ Im) diag(f) with An ∈ Cn×n

with

f :

{
{0, . . . ,mn− 1} → C
i 7→ f(i)

.

Theorem 7.8 provides

An ⊗ Im =

m−1∑
j=0

Smn,ni 7→j+imAn Gmn,n
i 7→j+im (11)

leading to

(An ⊗ Im) diag(f) =

m−1∑
j=0

Smn,ni7→j+imAn Gmn,n
i7→j+im

 diag(f)

Application of Theorem 8.5 introduces the diagonal generating function fj given by

fj :

{
{0, . . . , n− 1} → C
i 7→ f(j + im)

and leads to

(An ⊗ Im) diag(f) =

m−1∑
j=0

Smn,ni 7→j+imAn diagn−1i=0

(
f(j + im)

)
Gmn,n
i7→j+im .

8.1.4 Fusing Sums and Permutations

Theorem 8.9 (Fusing Sums with Permutations). Any product

A =

m−1∑
j=0

SN,njwj Aj GN,nj
rj

 perm(π)

with

π :

{
{0, . . . , N − 1} → {0, . . . , N − 1}
i 7→ π(i)

with π ∈ SN

can be written as

A =

m−1∑
j=0

SN,njwj Aj GN,nj
π◦rj .

Theorem 8.10 (Fusing Permutations with Sums). Any product

A = perm(π)

m−1∑
j=0

SN,njwj Aj GN,nj
rj
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with

π :

{
{0, . . . , N − 1} → {0, . . . , N − 1}
i 7→ π(i)

with π ∈ SN

can be written as

A =

m−1∑
j=0

S
N,nj
π−1◦wj Aj GN,nj

rj .

Example 8.2 (Compatible Stride Permutation). This example shows how to obtain a single iterative sum
for the construct

(Im⊗An) Lmnm with An ∈ Cn×n. (12)

In construct (12) the tensor product exactly matches the stride permutation. Theorem 7.5 provides

Im⊗A =

m−1∑
j=0

Smn,ni 7→jn+iAGmn,n
i7→jn+i

Corollary 9.1 provides
Lmnm = perm (`mnm )

with

`mnm :

{
{0, . . . ,mn− 1} → {0, . . . ,mn− 1}
i 7→

⌊
i
n

⌋
+m(i mod n)

.

(12) thus is expressed by

(Im⊗An) Lmnm =

m−1∑
j=0

Smn,ni 7→jn+iAn Gmn,n
i 7→jn+i

 perm (`mnm ) . (13)

Applying Theorem 8.9 with

rj :

{
{0, . . . , n− 1} → {0, . . . ,mn− 1}
i 7→ jn+ i

and
π = `mnm

to (13) leads to

π ◦ rj :

{
{0, . . . , n− 1} → {0, . . . ,mn− 1}
i 7→

⌊
jn+i
n

⌋
+m

(
(jn+ i) mod n

) .

Lemma 6.9 provides ⌊
jn+ i

n

⌋
= j for 0 ≤ i < n

and Lemma 6.12 provides
(jn+ i) mod n = i for 0 ≤ i < n.

Thus, simplification leads to

π ◦ rj :

{
{0, . . . , n− 1} → {0, . . . ,mn− 1}
i 7→ j +mi

and finally

(Im⊗An) Lmnm =

m−1∑
j=0

Smn,ni 7→jn+iAn Gmn,n
i7→j+im .
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The family

{π ◦ rj} =

{{
{0, . . . , n− 1} → {0, . . . ,mn− 1}
i 7→ j + im

}
j=0,...,m−1

is additive separable with
b(j) = j and s(i) = mi

and the family

{wj} =

{{
{0, . . . , n− 1} → {0, . . . ,mn− 1}
i 7→ jn+ i

}
j=0,...,m−1

is additive separable with
b(j) = jn and s(i) = i.

Example 8.3 (Stride Permutation–Too Many Loop Iterations). This example shows how to obtain a single
iterative sum for the construct

(Ikm⊗An) Lkmnk with An ∈ Cn×n. (14)

In construct (14) the tensor product has too many iterations to match the stride permutation. Theorem 7.5
provides

Ikm⊗An =

km−1∑
j=0

Skmn,ni7→jn+iAGkmn,n
i 7→jn+i

Corollary 9.1 provides
Lkmnk = perm

(
`kmnk

)
with

`kmnk :

{
{0, . . . , kmn− 1} → {0, . . . , kmn− 1}
i 7→

⌊
i
mn

⌋
+ k(i mod mn)

.

(14) thus is expressed by

(Ikm⊗An) Lkmnk =

km−1∑
j=0

Skmn,ni 7→jn+iAGkmn,n
i7→jn+i

 perm
(
`kmnk

)
. (15)

Applying Theorem 8.9 with

rj :

{
{0, . . . , n− 1} → {0, . . . , kmn− 1}
i 7→ jn+ i

and
π = `kmnk

to (15) leads to

π ◦ rj :

{
{0, . . . , n− 1} → {0, . . . , kmn− 1}
i 7→

⌊
jn+i
mn

⌋
+ k
(
(jn+ i) mod mn

) .

Using ⌊
jn+ i

mn

⌋
=

⌊
j

m
+

i

mn

⌋
and Lemma 6.10 leads to ⌊

jn+ i

mn

⌋
=

⌊
j

m

⌋
for 0 ≤ i < n.

Lemma 6.11 provides
(jn+ i) mod mn = (jn mod mn) + (i mod mn)
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and Lemma 6.13 provides
jn mod mn = n(j mod m).

Thus, simplification leads to

π ◦ rj :

{
{0, . . . , n− 1} → {0, . . . , kmn− 1}
i 7→ i 7→

⌊
j
m

⌋
+ kn(j mod m) + k(i mod mn)

and finally

(Ikm⊗An) Lkmnk =

km−1∑
j=0

Skmn,ni 7→jn+iAn Gkmn,n

i7→b jmc+kn(j mod m)+k(i mod mn)
.

The family

{π ◦ rj} =

{{
{0, . . . , n− 1} → {0, . . . , kmn− 1}
i 7→ i 7→

⌊
j
m

⌋
+ kn(j mod m) + k(i mod mn)

}
j=0,...,km−1

is additive separable with

b(j) =

⌊
j

m

⌋
+ kn(j mod m) and s(i) = k(i mod mn)

and the family

{wj} =

{{
{0, . . . , n− 1} → {0, . . . , kmn− 1}
i 7→ jn+ i

}
j=0,...,km−1

is additive separable with
b(j) = jn and s(i) = i.

Example 8.4 (Stride Permutation–Not Enough Loop Iterations). This example shows how to obtain a
single iterative sum for the construct

(Im⊗Akn) Lkmnkm with Akn ∈ Ckn×kn. (16)

In construct (16) the tensor product has not enough iterations to match the stride permutation. Theorem
7.5 provides

Im⊗Akn =

m−1∑
j=0

Skmn,kni7→jkn+iAkn Gkmn,kn
i 7→jkn+i

Corollary 9.1 provides
Lkmnkm = perm

(
`kmnkm

)
with

`kmnkm :

{
{0, . . . , kmn− 1} → {0, . . . , kmn− 1}
i 7→

⌊
i
n

⌋
+ km(i mod n)

.

(16) thus is expressed by

(Im⊗Akn) Lkmnkm =

m−1∑
j=0

Skmn,kni7→jkn+iAkn Gkmn,kn
i 7→jkn+i

 perm
(
`kmnkm

)
. (17)

Applying Theorem 8.9 with

rj :

{
{0, . . . , kn− 1} → {0, . . . , kmn− 1}
i 7→ jkn+ i

and
π = `kmnkm
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to (17) leads to

π ◦ rj :

{
{0, . . . , kn− 1} → {0, . . . , kmn− 1}
i 7→

⌊
jkn+i
n

⌋
+ km

(
(jkn+ i) mod n

) .

Using ⌊
jkn+ i

n

⌋
=

⌊
jk +

i

n

⌋
and Lemma 6.14 leads to ⌊

jkn+ i

n

⌋
= jk +

⌊
i

n

⌋
.

Lemma 6.11 provides
(jkn+ i) mod n = (jkn mod n) + (i mod n)

and Lemma 6.15 provides
jkn mod n = 0.

Thus, simplification leads to

π ◦ rj :

{
{0, . . . , kn− 1} → {0, . . . , kmn− 1}
i 7→ jk +

⌊
i
n

⌋
+ km(i mod n)

.

and finally

(Im⊗Akn) Lkmnkm =

m−1∑
j=0

Skmn,kni 7→jkn+iAkn Gkmn,kn

i7→jk+b inc+km(i mod n)
.

The family

{π ◦ rj} =

{{
{0, . . . , kn− 1} → {0, . . . , kmn− 1}
i 7→ jk +

⌊
i
n

⌋
+ km(i mod n)

}
j=0,...,m−1

is additive separable with

b(j) = jk and s(i) =

⌊
i

n

⌋
+ km(i mod n)

and the family

{wj} =

{{
{0, . . . , kn− 1} → {0, . . . , kmn− 1}
i 7→ jkn+ i

}
j=0,...,m−1

is additive separable with
b(j) = jkn and s(i) = i.

8.2 Exchanging Order of Iterative Sums

Theorem 8.11 (Horizontally Stacked Matrices). For a horizontally stacked matrix

A =

N − 1[ ]
k = 0

M−1∑
j=0

SMm,m
wj Aj,k GMNn,n

rj,k
with Aj,k ∈ Cm×n,

the horizontally stacking can be pulled in leading to

A =

M−1∑
j=0

SMm,m
wj

N − 1[ ]
k = 0

Aj,k GMNn,Nn

[ ]N−1
k=0 rj,k

.
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Theorem 8.12 (Vertically Stacked Matrices). For a vertically stacked matrix

A =

N − 1[ ]
k = 0

M−1∑
j=0

SMNm,m
wj,k

Aj,k GMn,n
rj with Aj,k ∈ Cm×n,

the vertically stacking can be pulled in leading to

A =

M−1∑
j=0

SMNm,m

[ ]N−1
k=0 wj,k

N − 1[ ]
k = 0

Aj,k GMn,Mn
rj .

8.3 Loop Unrolling

Theorem 8.13 (Loop Unrolling). A iterative sum

A =

p−1∑
j=0

SM,mj
wj Aj GN,nj

rj with Aj ∈ Cmj×nj

is fully unrolled by

A = S
M,
∑p−1
j=0 mj

[ ]p−1
j=0wj

p−1⊕
j=0

Aj

G
N,
∑p−1
j=0 nj

[ ]p−1
j=0 rj

.

Corollary 8.11 (Loop Unrolling). If

p−1∑
j=0

mj = M and

p−1∑
j=0

nj = N,

the iterative sum

A =

p−1∑
j=0

SM,mj
wj Aj GN,nj

rj with Aj ∈ Cmj×nj

is fully unrolled by

A = perm
(

[ ]
p−1
j=0wj

)−1p−1⊕
j=0

Aj

 perm
(

[ ]
p−1
j=0rj

)
.

Theorem 8.14 (Splitting of Iterative Sums). A given iterative sum

A =

p−1∑
j=0

SM,mj
wj Aj GN,nj

rj with Aj ∈ Cmj×nj

is split with respect to a partition of the p iterations

{0, . . . , p− 1} =

q−1⋃
k=0

Jk with Ji ∩ Jj = ∅ for i 6= j

by

A =

q−1∑
k=0

∑
j∈Jk

SM,mj
wj Aj GN,nj

rj .
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Corollary 8.12 (Partial Loop Unrolling). A given iterative sum

A =

p−1∑
j=0

SM,mj
wj Aj GN,nj

rj with Aj ∈ Cmj×nj

is partially unrolled with respect to a partition of the p iterations

{0, . . . , p− 1} =

q−1⋃
k=0

Jk with Ji ∩ Jj = ∅ for i 6= j

by

A =

q−1∑
k=0

S
M,
∑
j∈Jk

mj

[ ]j∈Jk
wj

⊕
j∈Jk

Aj G
N,
∑
j∈Jk

nj

[ ]j∈Jk
rj

.

Corollary 8.13 (Partial Loop Unrolling for Fixed Matrix Size). A given iterative sum

A =

p−1∑
j=0

SM,m
wj Aj GN,n

rj with Aj ∈ Cm×n

is partially unrolled with respect to a partition of the p iterations

{0, . . . , p− 1} =

q−1⋃
k=0

Jk with Ji ∩ Jj = ∅ for i 6= j

by

A =

q−1∑
k=0

S
M,|Jk|m
[ ]j∈Jk

wj

⊕
j∈Jk

Aj G
N,|Jk|n
[ ]j∈Jk

rj
.

Corollary 8.14 (Partial k-fold Loop Unrolling). If

p = qr,

a given iterative sum

A =

p−1∑
j=0

SM,m
wj Aj GN,n

rj with Aj ∈ Cm×n

is r-fold partially unrolled by

A =

q−1∑
k=0

SM,rm

[ ]r−1
l=0 wkr+l

r−1⊕
l=0

Akr+l G
N,rn

[ ]r−1
l=0 rkr+l

and q-fold partially unrolled by

A =

r−1∑
k=0

SM,qm

[ ]q−1
l=0 wk+lq

q−1⊕
l=0

Ak+lq GN,qn

[ ]q−1
l=0 rk+lq

.

Corollary 8.15 (Gather/Scattter Splitting). A given iterative sum

A =

p−1∑
j=0

SM,mj
wj Aj GN,nj

rj with Aj ∈ Cmj×nj

is partially unrolled with respect to a partition of the p iterations

{0, . . . , p− 1} =

q−1⋃
k=0

Jk with Ji ∩ Jj = ∅ for i 6= j
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by

A =

q−1∑
k=0

S
M,
∑
j∈Jk

mj

[ ]j∈Jk
wj

∑
j∈Jk

S

∑
j∈Jk

mj ,mj

i 7→i+
∑

r∈Jk
r<j

mr
Aj G

∑
j∈Jk

nj ,nj

i7→i+
∑

r∈Jk
r<j

nr

G
N,
∑
j∈Jk

nj

[ ]j∈Jk
rj

.

Corollary 8.16 (Gather/Scatter Splitting for Fixed Matrix Size). A given iterative sum

A =

p−1∑
j=0

SM,m
wj Aj GN,n

rj with Aj ∈ Cm×n

is partially unrolled with respect to a partition of the p iterations

{0, . . . , p− 1} =

q−1⋃
k=0

Jk with Ji ∩ Jj = ∅ for i 6= j

by

A =

q−1∑
k=0

S
M,|Jk|m
[ ]j∈Jk

wj

∑
j∈Jk

S
|Jk|m,m
i 7→i+jmAj G

|Jk|n,n
i 7→i+jn

G
N,|Jk|n
[ ]j∈Jk

rj
.

Corollary 8.17 (mn Gather/Scatter Splitting). If

p = qr,

a given iterative sum

A =

p−1∑
j=0

SM,m
wj Aj GN,n

rj with Aj ∈ Cm×n

is qr split by

A =

q−1∑
k=0

SM,rm

[ ]r−1
l=0 wkr+l

(
r−1∑
l=0

Srm,mi7→i+lmAkr+l G
rn,n
i 7→i+ln

)
GN,rn

[ ]r−1
l=0 rkr+l

and rq-fold split by

A =

r−1∑
k=0

SM,qm

[ ]q−1
l=0 wk+lq

(
q−1∑
l=0

Sqm,mi 7→i+lmAk+lq Gqn,n
i 7→i+ln

)
GN,qn

[ ]q−1
l=0 rk+lq

.

8.4 Fusion of Incompatible Sums

Definition 169 (Fuseable Incompatible Iterative Sums). A product

AB

of two iterative sums

A =

m−1∑
j=0

SN3,n3,j
w1,j

Aj GN,n2,j
r1,j with Aj ∈ Cn3,j×n2,j

and

B =

n−1∑
j=0

SN,n1,j
w0,j

Bj GN0,n0,j
r0,j with Aj ∈ Cn1,j×n0,j

are fuseable incompatible, if
m−1⋃
j=0

Λ
(
r1,j
)

=

n−1⋃
j=0

Λ
(
w0,j

)
but

Λ
({
r1,j
}
j=0,...,m−1

)
6= Λ

({
w0,j

}
j=0,...,n−1

)
.
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Theorem 8.15 (Partitioning into Compatible Subsets). For two families of index mapping functions{
rj
}
j∈M and

{
wj
}
j∈N

with ⋃
j∈M

Λ
(
rj
)

=
⋃
j∈N

Λ
(
wj
)

but
Λ
({
rj
}
j∈M

)
6= Λ

({
wj
}
j∈N

)
partitions

M =

k−1⋃
j=0

Mj and N =

k−1⋃
j=0

Nj

with minimal
|Mj | and |Nj | ∀j with 0 ≤ j < k

exist, that

Λ

({
[ ]i∈Mj

ri

}
j=0,...,k−1

)
= Λ

({
[ ]i∈Njwi

}
j=0,...,k−1

)
.

Corollary 8.18 (Compatibility by Partial Unrolling). A product

AB

of two fuseable incompatible iterative sums

A =

m−1∑
j=0

SR3,n3,j
w1,j

Aj GR,n2,j
r1,j with Aj ∈ Cn3,j×n2,j

and

B =

n−1∑
j=0

SR,n1,j
w0,j

Bj GR0,n0,j
r0,j with Aj ∈ Cn1,j×n0,j

is transformed into a product of two compatible iterative sums by applying Theorem 8.15 with

{rj}j∈M := {r1,j}j=0,...,m−1 and {wj}j∈N := {w0,j}j=0,...,n−1

and using Corollary 8.12 leading to

A =

k−1∑
i=0

S
R3,
∑
j∈Mi

n3,j

[ ]j∈Mi
w1,j

⊕
j∈Mi

Aj G
R,
∑
j∈Mi

n2,j

[ ]j∈Mi
r1,j

and

B =

k−1∑
i=0

S
R,
∑
j∈Ni

n1,j

[ ]j∈Ni
w0,j

⊕
j∈Ni

Bj G
R0,
∑
j∈Ni

n0,j

[ ]j∈Ni
r0,j

.

Corollary 8.19 (Compatibility by Iteration Splitting). A product

AB

of two fuseable incompatible iterative sums

A =

m−1∑
j=0

SR3,n3,j
w1,j

Aj GR,n2,j
r1,j with Aj ∈ Cn3,j×n2,j
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and

B =

n−1∑
j=0

SR,n1,j
w0,j

Bj GR0,n0,j
r0,j with Aj ∈ Cn1,j×n0,j

is transformed into a product of two compatible iterative sums by applying Theorem 8.15 with

{rj}j∈M := {r1,j}j=0,...,m−1 and {wj}j∈N := {w0,j}j=0,...,n−1

and using Corollary 8.15 leading to

A =

k−1∑
i=0

S
R3,
∑
j∈Mi

n3,j

[ ]j∈Mi
w1,j

∑
j∈Mi

S

∑
j∈Mi

n3,j ,n3,j

i 7→i+
∑

r∈Mi
r<j

n3,r
Aj G

∑
j∈Mi

n2,j ,n2,j

i 7→i+
∑

r∈Mi
r<j

n2,r

G
R,
∑
j∈Mi

n2,j

[ ]j∈Mi
r1,j

and

B =

k−1∑
i=0

S
R,
∑
j∈Ni

n1,j

[ ]j∈Ni
w0,j

∑
j∈Ni

S

∑
j∈Ni

n1,j ,n1,j

i 7→i+
∑

r∈Ni
r<j

n1,r
Bj G

∑
j∈Ni

n0,j ,n0,j

i 7→i+
∑

r∈Ni
r<j

n0,r

G
R0,
∑
j∈Ni

n0,j

[ ]j∈Ni
r0,j

.

Corollary 8.20 (Compatibility for Fixed Matrix Size by Partial Unrolling). A product

AB

of two fuseable incompatible iterative sums

A =

m−1∑
j=0

SR3,m1
w1,j

Aj GR,n1
r1,j with Aj ∈ Cm1×n1

and

B =

n−1∑
j=0

SR,m0
w0,j

Bj GR0,n0
r0,j with Aj ∈ Cm0×n0

is transformed into a product of two compatible iterative sums by applying Theorem 8.15 with

{rj}j∈M := {r1,j}j=0,...,m−1 and {wj}j∈N := {w0,j}j=0,...,n−1

and using Corollary 8.12 leading to

A =

k−1∑
i=0

S
R3,|Mi|m1

[ ]j∈Mi
w1,j

⊕
j∈Mi

Aj G
R,|Mi|n1

[ ]j∈Mi
r1,j

and

B =

k−1∑
i=0

S
R,|Ni|m0

[ ]j∈Ni
w0,j

⊕
j∈Ni

Bj G
R0,|Ni|n0

[ ]j∈Ni
r0,j

.

Corollary 8.21 (Compatibility for Fixed Matrix Size by Iteration Splitting). A product

AB

of two fuseable incompatible iterative sums

A =

m−1∑
j=0

SR3,m1
w1,j

Aj GR,n1
r1,j with Aj ∈ Cm1×n1

and

B =

n−1∑
j=0

SR,m0
w0,j

Bj GR0,n0
r0,j with Aj ∈ Cm0×n0
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is transformed into a product of two compatible iterative sums by applying Theorem 8.15 with

{rj}j∈M := {r1,j}j=0,...,m−1 and {wj}j∈N := {w0,j}j=0,...,n−1

and using Corollary 8.15 leading to

A =

k−1∑
t=0

S
R3,|Mt|m1

[ ]j∈Mt
w1,j

∑
j∈Mt

S
|Mt|m1,m1

i 7→i+jm1
Aj G

|Mt|n1,n1

i7→i+jn1

G
R,|Mt|n1

[ ]j∈Mt
r1,j

and

B =

k−1∑
t=0

S
R,|Nt|m0

[ ]j∈Nt
w0,j

∑
j∈Nt

S
|Nt|m0,m0

i 7→i+jm0
Bj G

|Nt|n0,n0

i 7→i+jn0

G
R0,|Nt|n0

[ ]j∈Nt
r0,j

.

Example 8.5 (Fusion of Incompatible Loops). The construct

A = (DFT3⊗ I2r)

3r−1⊕
j=0

Rαi (18)

should be implemented as a single loop. Theorem 7.8 provides

DFT3⊗ I2r =

2r−1∑
j=0

S6r,3
i 7→j+2ri DFT3 G6r,3

i 7→j+2ri

and Theorem 7.2 provides
3r−1⊕
j=0

Rαi =

3r−1∑
j=0

S6r,2
i 7→2j+i Rαi G6r,2

i7→2j+i .

The definition of

rj :

{
{0, 1, 2} → {0, . . . , 6r − 1}
i 7→ j + 2ri

for 0 ≤ j < 2r

and

wj :

{
{0, 1} → {0, . . . , 6rj}
i 7→ 2j + i

for 0 ≤ j < 3r

leads to
2r−1⋃
j=0

Λ
(
rj
)

= {0, . . . , 6r − 1}

and
3r−1⋃
j=0

Λ
(
wj
)

= {0, . . . , 6r − 1}

but from the definition of
{rj}j=0,...,2r−1 and {wj}j=0,...,3r−1

and Lemma 6.2 follows that

Λ
({
rj
}
j=0,...,2r−1

)
6= Λ

({
wj
}
j=0,...,3r−1

)
.

Thus, the product is fuseable incompatible. Definition of

M = {0, . . . , 2r − 1} for N = {0, . . . , 3r − 1}
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and application of Theorem 8.15 with {rj}j∈M and {wj}j∈N leads to the partitions

Mk := {2k, 2k + 1} for 0 ≤ k < r

as well as
Nk := {k, k + r, k + 2r} for 0 ≤ k < r.

Definition of

r′1,k :=
[ ]
j ∈Mk

r1,j for 0 ≤ k < r

with
|Mk| = 2 for any j : 0 ≤ j < r.

leads to

r′1,k :


{0, . . . , 5} → {0, . . . , 6r − 1}

i 7→

{
2k + 2ri for 0 ≤ i < 3

2k + 1 + 2r(i− 3) for 3 ≤ i < 6

with 0 ≤ k < r

and further simplification leads to

r′1,k :

{
{0, . . . , 5} → {0, . . . , 6r − 1}
i 7→ 2k +

⌊
i
3

⌋
+ 2r(i mod 3)

with 0 ≤ k < r.

The same operation leads to

w′1,k :=
[ ]
j ∈Mk

w1,j for 0 ≤ k < r

with

w′1,k :

{
{0, . . . , 5} → {0, . . . , 6r − 1}
i 7→ 2k +

⌊
i
3

⌋
+ 2r(i mod 3)

with 0 ≤ k < r.

Definition of

r′0,k :=
[ ]
j ∈ Nk

r0,j with 0 ≤ k < r

with
|Nk| = 3 for any j : 0 ≤ j < r

leads to

r′0,k :


{0, . . . , 5} → {0, . . . , 6r − 1}

i 7→


2k + i for 0 ≤ i < 2

2k + 2r + (i− 2) for 2 ≤ i < 4

2k + 4r + (i− 4) for 4 ≤ i < 6

with 0 ≤ k < r

and further simplification leads to

r′0,k :

{
{0, . . . , 5} → {0, . . . , 6r − 1}
i 7→ 2k + 2r

⌊
i
2

⌋
+ (i mod 2)

with 0 ≤ k < r.

The same operation leads to

w′0,k :=
[ ]
j ∈ Nk

w0,j with 0 ≤ k < r

93



with

w′0,k :

{
{0, . . . , 5} → {0, . . . , 6r − 1}
i 7→ 2k + 2r

⌊
i
2

⌋
+ (i mod 2)

with 0 ≤ k < r.

This provides loop compatibility by

Λ
({
r′1,j
}
j=0,...,r−1

)
= Λ

({
w′0,j

}
j=0,...,r−1

)
.

Now the loops can be fused. Theorem 8.2 must be applied as

Λ
(
r′1,j
)

= Λ
(
w′0,j

)
for 0 ≤ j < r

but
r′1,j 6= w′0,j for 0 ≤ j < r.

πj = w′0,j
−1 ◦ r′1,j .

The pseudo inverse of w′0,j is given by

w′0,j
−1

:

{
{2j, 2j + 1, 2r + 2j, 2r + 2j + 1, 4r + 2j, 4r + 2j + 1} → {0, . . . , 5}
i 7→ (i mod 2) + 2

⌊
i
2r

⌋
and

πj = w′0,j
−1 ◦ r′1,j

leading to

πj :

{0, . . . , 5} → {0, . . . , 6r − 1}

i 7→
((

2j +
⌊
i
3

⌋
+ 2r(i mod 3)

)
mod 2

)
+ 2

⌊
2j+b i3c+2r(i mod 3)

2r

⌋
which simplifies to

π :

{
{0, . . . , 5} → {0, . . . , 6r − 1}
i 7→

⌊
i
3

⌋
+ 2(i mod 3)

.

In addition,
π = `62

finally leading to

A =

r−1∑
j=0

S6r−1,6
i7→2j+b i3c+2r(i mod 3)

(I2⊗DFT3) L6
2

3⊕
k=0

Rα3j+k
G6r−1,6
i7→2j+2rb i2c+(i mod 2)

.

Note, that the simple formula manipulation

(DFT3⊗ I2r)

3r−1⊕
j=0

Rαi =
(

(I2⊗DFT3)L
6
2 ⊗ Ir

) r−1⊕
j=0

(
Rα3j ⊕Rα3j+1 ⊕Rα3j+2

)
would immediately produce compatible iterative sums.
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9 h-Separability of Permutations

Definition 170 (Index Mapping Functions). Index mapping functions are of form

f :

{
{i0, ..., im} → {j0, ..., jn}
i 7→ f(i)

with

ik, jl ∈ N,
0 ≤ k ≤ m,
0 ≤ l ≤ n,
m ≤ n

.

Definition 171 (Concatenation of Index Mapping Functions). The concatenation of the two index mapping
functions

f :

{
I → J

i 7→ f(i)
and g :

{
J → K

i 7→ g(i)

is given by the index mapping function

g ◦ f :

{
I → K

i 7→ g(f(i)).

Definition 172 (Cross-Product of Index Mapping Functions). The cross product of the two index mapping
functions

f :

{
I → J

i 7→ f(i)
and g :

{
K → L

j 7→ g(j)

is given by the index mapping function

f × g :

{
I ×K → J × L
(i, j) 7→

(
f(i), g(j)

) .

Definition 173 (Restriction of Index Mapping Functions). For an index mapping function f with

f :

{
I → J

i 7→ f(i)
,

the restriction of f to I1 ⊆ I is defined by

f |I1 :

{
I1 → J

i 7→ f(i)
.

Definition 174 (Pseudo Inversion of Index Mapping Functions). For an injective index mapping function
f with

f :

{
I → J

i 7→ f(i)
,

the pseudo inverse f−1 is defined by

f−1 :

{
f(I)→ I

i 7→ j with f(j) = i

Definition 175 (Fusion of Index Mapping Functions). The fusion of two index mapping functions

f :

{
I → J

i 7→ f(i)
and g :

{
K → L

i 7→ g(i)
with I ∩K = ∅

is given by the generating function

f ∪ g :


I ∪K → J ∪ L

i 7→

{
f(i) if i ∈ I
g(i) if i ∈ K

.
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Definition 176 (Interval Mapping Function). A index mapping function of form

f :

{
{0, . . . , n− 1} → {0, . . . , N − 1}
i 7→ f(i)

is called interval mapping function.

Definition 177 (h-Separability of Interval Mapping Functions). A family of interval mapping functions

{fj}j=0,...,m−1 , with fj :

{
{0, . . . , n− 1} → {0, . . . , N − 1}
i 7→ f ′(j, i)

with

f ′ :

{
{0, . . . ,m− 1} × {0, . . . , n− 1} → {0, . . . , N − 1}
i 7→ f ′(j, i)

is additive h-separable, if for the function

h :

{
{0, . . . , N − 1} × {0, . . . , N − 1} → {0, . . . , N − 1}
(i, j) 7→ h(i, j)

functions

b :

{
{0, . . . ,m− 1} → {0, . . . , N − 1}
j 7→ b(j)

and

s :

{
{0, . . . , n− 1} → {0, . . . , N − 1}
i 7→ s(j)

exist, such that
f ′ = h ◦ (b× s).

Definition 178 (Permutation Generating Function). Permutation generating functions are bijective interval
mapping functions of type

π :

{
{0, . . . , n− 1} → {0, . . . , n− 1}
i 7→ π(i)

with the permutation
π ∈ Sn .

Definition 179 (h-Separability of Permutations w.r.t. Functions). A permutation generation function

π :

{
{0, . . . , n− 1} → {0, . . . , n− 1}
i 7→ π(i)

with π ∈ Sn

is h-separable with respect to a family of interval mapping functions

{fj}j=0,...,m−1 with fj :

{
{0, . . . , n− 1} → {0, . . . , N − 1}
i 7→ fj(i)

if the family of interval mapping functions

{fj ◦ π}j=0,...,m−1

is h-separable.
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Definition 180 (h-Inverse-Separability of Permutations w.r.t. Functions). A permutation generation func-
tion

π :

{
{0, . . . , n− 1} → {0, . . . , n− 1}
i 7→ π(i)

with π ∈ Sn

is h-inverse-separable with respect to a family of interval mapping functions

{fj}j=0,...,m−1 with fj :

{
{0, . . . , n− 1} → {0, . . . , N − 1}
i 7→ fj(i)

if the family of interval mapping functions {
π−1 ◦ fj

}
j=0,...,m−1

is h-separable.

Definition 181 (h-Separability of Permutations). A permutation generation function

π :

{
{0, . . . , n− 1} → {0, . . . , n− 1}
i 7→ π(i)

with π ∈ Sn

is h-separable if it can be decomposed into two h-separable families of interval mapping functions{
rj
}
j=0,...,k−1 and

{
wj
}
j=0,...,k−1

providing

π =

k−1⋃
j=0

rj ◦ w−1j .

Definition 182 (Stride Permutation Generating Function). The stride permutation

Lmnm = perm (`mnm )

is generated by

`mnm :


{0, . . . ,mn− 1} → {0, . . . ,mn− 1}

i 7→

{
(im) mod (mn− 1) if i < mn− 1

mn− 1 if i = mn− 1

.

Lemma 9.1. The stride permutation
Lmnm = perm (`mnm )

is generated by

`mnm :

{
{0, . . . ,mn− 1} → {0, . . . ,mn− 1}
i 7→

⌊
i
n

⌋
+m(i mod n)

.

Lemma 9.2. The stride permutation generating function `mnm can be decomposed into

`mnm =

m−1⋃
j=0

rj ◦ w−1j

with

rj :

{
{0, . . . , n− 1} → {0, . . . ,mn− 1}
i 7→ j + im

and

wj :

{
{0, . . . , n− 1} → {0, . . . ,mn− 1}
i 7→ jn+ i

.
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Lemma 9.3. The stride permutation generating function `mnm can be decomposed into

`mnm =

n−1⋃
j=0

rj ◦ w−1j

with

rj :

{
{0, . . . ,m− 1} → {0, . . . ,mn− 1}
i 7→ jm+ i

and

wj :

{
{0, . . . ,m− 1} → {0, . . . ,mn− 1}
i 7→ j + in

.
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10 Overview

10.1 Definitions

Definition 183 (Matrix Generating Function with One Parameter). Matrix generating functions with one
parameter are of type

f :

{
{0, . . . , n− 1} → CM×N

i 7→ [fj,k(i)] j=0,...,M−1
k=0,...,N−1

.

Definition 184 (Permutation Generating Function). Permutation generating functions are of type

π :

{
{0, . . . , n− 1} → {0, . . . , n− 1}
i 7→ π(i)

with the permutation
π ∈ Sn .

10.2 Integer Identities

10.3 Index Function Operators

10.4 Formula Identities

11 Good-Thomas

Definition 185 (Affine Basis Function).
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12 Library Generation

Definition 186 (2D Combine Function).

hn→N[ bs ]
:

{
In → IN
i 7→ b+ is

Definition 187 (2D Combine Function Recursion).

hn→N[ bs ]
:


In → IN

i 7→

{
b if i = 0

hn→N[ bs ]
(i− 1) + s else

Definition 188 (Parameter Recursion Function).

sj,n :

{
N× N→ N× N[
b
s

]
7→
[
b+jn
s

]
Property 12.1 (Parameter Recursion Function).

sj,n = (jn)N→N
+ × (1)N→N

×

Definition 189 (Parameter Recursion Function).

tj,n :

{
N× N→ N× N[
b
s

]
7→
[
b+j
sn

]
Property 12.2 (Parameter Recursion Function).

tj,n = (j)N→N
+ × (n)N→N

×

Property 12.3 (Identity Function).
ın = hn→n[ 0

1 ]

Identity 12.1.
hn→N~p ⊗(j)m = hn→Nmtj,m(~p)

Identity 12.2.
(j)m ⊗ hn→N~p = hn→Nmsj,n(~p)

Identity 12.3.
hmn→N~p ◦hm→mn

sj,n([ 0
1 ]) = hn→Nsj,n(~p)

Identity 12.4.
hmn→N~p ◦hm→mn

tj,n([ 0
1 ]) = hn→Ntj,n(~p)
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13 Examples

13.1 DFT Examples

Example 13.1 (Pulling in the Stride Permutation).(
Im⊗An×n

)
Lmnm

Step 1: SPL → Σ-SPL.

=

m−1∑
j=0

S(j)m⊗ın A
n×n G(j)m⊗ın

 perm
(
`mnm

)
Step 2: Pull permutation into iterative sum.

=

m−1∑
j=0

S(j)m⊗ın A
n×n G(j)m⊗ın perm

(
`mnm

)
Step 3: Pull permutation into gather matrix.

=

m−1∑
j=0

S(j)m⊗ın A
n×n G`mnm ◦((j)m⊗ın)

Step 4: Flip function tensor product.

=

m−1∑
j=0

S(j)m⊗ın A
n×n Gın⊗(j)m

Example 13.2 (Permutations in two Cooley-Tukey Recursion Steps).

Ik ⊗
( (

Im⊗An×n
)

Lmnm

)
Lkmnk

Step 1: SPL → Σ-SPL.

=

k−1∑
i=0

S(i)k⊗ımn

m−1∑
j=0

S(j)m⊗ın A
n×n G(j)m⊗ın

 perm
(
`mnm

)
G(i)k⊗ımn

 perm
(
`kmnk

)
Step 2: Pull permutation, gather and scatter into iterative sum.

=

k−1∑
i=0

m−1∑
j=0

S(i)k⊗ımn S(j)m⊗ın A
n×n G(j)m⊗ın perm

(
`mnm

)
G(i)k⊗ımn perm

(
`kmnk

)
Step 3: Fuse permutations, gather and scatter.

=

k−1∑
i=0

m−1∑
j=0

S((i)k⊗ımn)◦((j)m⊗ın)A
n×n G`kmnk ◦((i)k⊗ımn)◦`mnm ◦((j)m⊗ın)

Step 4: Flip function tensor products.

=

k−1∑
i=0

m−1∑
j=0

S((i)k⊗ımn)◦((j)m⊗ın)A
n×n G(ımn⊗(i)k)◦(ın⊗(j)m)

Step 5: Plug in functions.

=

k−1∑
i=0

m−1∑
j=0

S(i)k⊗(j)m⊗ın A
n×n Gın⊗(j)m⊗(i)k
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Example 13.3 (Pull in Dimensionless FFT Permutation).

Example 13.4 (Pulling in a Diagonal Matrix).(
Am×m ⊗ In

)
D

Step 1: SPL → Σ-SPL.

=

n−1∑
j=0

Sım⊗(j)n A
m×m Gım⊗(j)n

 diag
(
fmn→C) , D generated by fmn→C

Step 2: Pull diagonal into iterative sum.

=

n−1∑
j=0

Sım⊗(j)n A
m×m Gım⊗(j)n diag

(
fmn→C)

Step 3: Commute diagonal and gather matrix.

=

n−1∑
j=0

Sım⊗(j)n A
m×m diag

(
fmn→C ◦ (ım ⊗ (j)n)

)
Gım⊗(j)n

Example 13.5 (1D DFT Cooley-Tukey Recursion). Applying example 13.8 and 13.4 to

DFTmn = (DFTm⊗ In) Tmnn (Im⊗DFTn) Lmnn

leads to the 1D Cooley-Tukey DFT rule in Σ-SPL notation.

DFTmn =

n−1∑
j=0

Sım⊗(j)n DFTm diag
(

tmnm ◦ (ım ⊗ (j)n)
)

Gım⊗(j)n

m−1∑
j=0

S(j)m⊗ın DFTn Gın⊗(j)m
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14 Real DFT

Definition 190 (Packed Real DFT Nonterminals).

RDFT′n := G
(0)
bn/2c+1→n
+ ⊗ı2

DFTn Sın⊗(0)2

iRDFT′n := Gın⊗(0)2 iDFTn diag
((
ıdn/2e→R⊗ ı2→R )⊕ ( ıbn/2c→R⊗ (±ı)2→R ))

G[ ıbn/2c+1

dn/2e−1 ◦ (1)
dn/2e−1→bn/2c+1
+

]

DFT
′
n := D′n G

(0)
bn/2c+1→n
+ ⊗ı2

DFTn with

D′n :=

{
diag

(
δ2→R
I1

⊕
(
ın/2−1→R⊗ ı2→R )⊕ δ2→R

I1

)
n even

diag
(
δ2→R
I1

⊕
(
ıbn/2c→R⊗ ı2→R )) else

DFT
′′
n := diag

((
ıdn/2e→R⊗ ı2→R )⊕ ( ıbn/2c→R⊗ (±ı)2→R ))

DFTn

DFT
′′′
n := D′′′n G

(0)
dn/2e→n
+ ⊗ı2

DFTn with

D′′′n :=

{
diag

(
ın/2→R⊗ ı2→R

)
n even

diag
(
ıbn/2c→R⊗ ı2→R⊕ δ2→R

I1

)
else

Definition 191 (Twiddle Factors).

T
′mn
n := diag

(
tmnn ◦

(
ım ⊗ (0)

bn/2c+1→n
+

))
Definition 192 (Output Permutation).

rNm,n,j :

IN → Ibmn/2c+1

i 7→
{
in+ j if i < dm/2e
mn− in− j else

Pm,n := perm
(
p−1m,n

)
with pm,n :=




r
bm/2c+1
m,n,0

[ ]
n/2
j=1r

m
m,n,j

r
dm/2e
m,n,n/2

 n even

 r
bm/2c+1
m,n,0

[ ]
bn/2c+1
j=1 rmm,n,j

 else

Identity 14.1 (Packed RDFT Recursion).

RDFT′mn →


(
Pm,n ⊗ I2

)(
DFT

′
m ⊕

(
n/2−1⊕
j=1

DFT
′′
m

)
⊕ DFT

′′′
m

)(
L
m(n/2+1)

n/2+1
⊗ I2

)
T
′mn
n

(
Im⊗RDFT′n

)
Lmnm n even

(
Pm,n ⊗ I2

)(
DFT

′
m ⊕

(
bn/2c⊕
j=1

DFT
′′
m

))(
L
m(dn/2e)
dn/2e ⊗ I2

)
T
′mn
n

(
Im⊗RDFT′n

)
Lmnm else

Identity 14.2 (Pruned RDFT Conquer Step in Sums Notation).

RDFT′mn → Qm,nT
′mn
n

(
Im⊗RDFT′n

)
Lmnm

with

Qm,n =



S
r
bm/2c+1
m,n,0 ⊗ı2

DFT
′
m Gım⊗(0)n/2+1⊗ı2 +

n/2−1∑
j=1

Srmm,n,j⊗ı2 DFT
′′
m Gım⊗(j)n/2+1⊗ı2 +

+ S
r
dm/2e
m,n,n/2

⊗ı2
DFT

′′′
m Gım⊗(n/2)n/2+1⊗ı2

n even

S
r
bm/2c+1
m,n,0 ⊗ı2

DFT
′
m Gım⊗(0)n/2+1⊗ı2 +

bn/2c∑
j=1

Srmm,n,j⊗ı2 DFT
′′
m Gım⊗(j)n/2+1⊗ı2 n odd
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Identity 14.3 (Unpruned RDFT Conquer Step in Sums Notation).

Qm,n =

bn/2c∑
j=1

Srmm,n,j⊗ı2 DFT
′′
m Gım⊗(j)n/2+1⊗ı2

Identity 14.4 (Packed iRDFT Recursion).

iRDFT′mn → Lmnn
(

Im⊗ iRDFT′n
)
T
′mn,−1
n Lm(bn/2c+1)

m

(
Ibn/2c+1⊗iDFTm

)
G

[ ]
bn/2c
j=0 rmm,n,j

Identity 14.5 (iRDFT Divide Step in Sums Notation).

iRDFT′mn → Lmnn
(

Im⊗ iRDFT′n
)
T
′mn,−1
n Q−1m,n

with

Q−1m,n =

bn/2c∑
j=0

Sım⊗(j)bn/2c+1
iDFTm Grmm,n,j
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