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1 Extending Spiral’s Formal Framework

1.1 Extending >-SPL to Nonlinear Operators

We extend [1] to general operators on complex vectors. We replace matrices by operators and matrix

[P

multiplication “-” by operator composition “o”.
Definition 1 (Operator).

JCrox €M ox e x €Mt — CNo X CYE e x G
x — M(x)

As shorthand we write

« R

x” i8 associative:
CFxCmxCh= (CFxC™)xC"=CFx (C™xC").

Notation 1.1 (Inplace Operator). We denote an operator
(Cn() NEEED 4 (an:—l — (CnO X oo X (C”k—l X (CNk NEEED 4 (CNm—l
"z M(x)
being inplace in its first k& arguments by

M
—~—

inplacc (A() ,,,,, Am—l)H(AO,»---,Ak—l)
Definition 2 (Operation on Vectors). A scalar operation

DO XD1 X oo XDn—l — D
O
(1'0,1'1,. ..,Cﬂn_l) i—>0(l’0,1’1,...,.’£n_1)

induces a vector operation

0_{D6”><---><D7T1—>Dm

(Toy ey Tp_1) — (<> (@,...,2% 1), ... ,o(gcgl*l, e ,x?jll))
Definition 3 (Operation on Operators). For

Mi:{D%Ri o O:{Rolexmen_lﬁR

x — M;(x) (0,21, Tp-1) = (0, Z1, ..., Tp_1)

we define
D— R

oMo, My, Mror) {x — o( Mo(x), My (2),. .., My ()



We also write operations ¢ in infix notation, e.g.,

MoN : {D%R
x +— M(z) o N(z)

Definition 4 (Addition of Operators). For

M : D=k , N: D=k we define M+ N : D=k
x — M(x) x — N(z) x +— M(z) + N(z)
We also define the iterative sum )
ZM¢:M0+M1+"'+MTL—1
i=0

accordingly.

Definition 5 (Composition of Operators). For

D D
M : =5 , N: SR we define NoM : Bl
x — M(x) x +— N(x) x = N(M(x))
We denote the iterative composition of operators by
n—1
HMi:MooMlo...oMn_l
i=0
Definition 6 (Direct Sum of Operators). For
D E DxFE
M AP SN JE7S we define M@ N: DX E7RXS
z — M(x) z — N(z) (z,y) — (M(z),N(y))

We also define the iterative direct sum

n—1

@Mi:MO@Ml@...@Mn_l
1=0

accordingly.
Definition 7 (Parallel Evaluation of Operators). For
D A
M, P75 . 0<i<k
x = M;(2)

we define
D;)SOX...XSk_l
Mg, ..., Mg1) :
(Mo, .-, My1) {xH(Mo(x)w-"M’ﬂl(”ﬁr))

Definition 8 (Projection Operation).

N Ny Ny, Nn,,_
7.‘.(140,--<7Ak71)—>(14n07~--,Anm,1) . {(C 0x o X CVo=1 — CVo X - x C'm—1

(oy s Th—1) = (Tngy oy Ty )
As shorthand notation we write for instance

(A,B,C) — A



Definition 9 (Gather Operator). The gather operator is defined via matrix-vector product with a gather
matrix,
CcN —Cn
anaN :
= Grx
Definition 10 (Scatter Operator). The scatter operator is defined via matrix-vector product with a scatter

matrix,
cr - CN
anaN :
= Syx

1.2 Rewrite Rules
Rule 1.1 (Pull into Operation).
O(Ao,...,Ak_l) oB %O(AOOB,...,Ak_l OB)

Rule 1.2 (Drop Projection).

Rule 1.3 (Pull into Iterative Composition).

N-1 N-1
(H (Ai,07~-~7Ai,k—1)> o (Bo,...,By-1) — H (AsooBo, ..., Ajg—10B_1)
=0 i=0

forr€{0,...,k—1} and

MO,y M — 11 . ) ) .
oo k-1 ij=r 7r(au7~--,(lk—1)—>ag j=r
Apj = b d B; =
i an I )
) ﬂ.(ao,...,ak,l)—>a]‘ ] 7& Dj o ﬂ.(ag,...,ak,l)%a_j ,] 7& r

Rule 1.4 (Flatten Iterative Composition).

N-1

(Ao, ..., A1) — H (Bios--- Big—1)
i=0

forr€{0,...,k—1} and

. N-1 . MO yeeesN—1 >Ny
mlaosan—)=a; o TTV N (B o . By 1 J=r . Cuw™ v=r
Aj = { Mo B B with By, =4 " 7

(a0, ak—1)—a; j#r alaosnak—1)—=ay £ ’

1.3 Nonterminals and Breakdown Rules

Definition 11 (Nonterminal). A parameterized operator

, pPEP

D(p) — R(p
M ; {0 = BO)
= (M(p))(z)
is a nonterminal with a parameter space P.
Definition 12 (Breakdown Rule). Let M(p),p € P and N;(p;),p; € P;,

M) {D @)= Re) Ny {Di@ﬂ = Rilp)

v (ME)E) e (N T



be nonterminals. Let F,,.... n,,_, (Mo, ..., Mi_1) be an expression of nonterminals, operators, and operations.
We define the set of all valid breakdowns for a parameter p

Xp:{x,f,...}

with
X,f,...€P0x~~~><Pk,1.

A breakdown rule is a mapping

e, {M<P> (D) = RD))

, peEP xeX
M= Fro ). frna () (NO(XO)v e ’Nkfl(kal)) ?

with
(MP) (@) = (Fryphr 09 (No(x0)s -, Nica (1)) ) (2) Y € D(p).

2 Linear DSP Transforms

2.1 Cooley-Tukey FFT

We define
cr—cr
x— DFT,x

and P = {km} with k,m € N, and N;(p;) = M(p;),0 = 1,2. We define the set of all valid Cooley-Tukey
FFT breakdowns

M(p) = DFT, : {

Xp = {(k,m) | n=km}.
Rule 2.1 (Cooley-Tukey FFT). The Cooley-Tukey rule parameterized by a breakdown yx is given by

DFT n_yCn
cT” { nr (€ ) with neP, yeX,

M= Froa (No(xo), Ni(xa))
with
m—1 k-1
km
Fromoaam (---) = (Z Sue(,, O DFTko sz®(z‘)m> oTy"o (Z S(i),@um © DFTm 0 sz®(i)k>
=0 i=0
and

Tkm, Ckm_>(ckm
mo :EHT’,f,Lmz

Rule 2.2 (DFT Base Rule). The base rule is
DFT; — (C? — C?)
base :
M — (a:»—> H,ll}x)

with X,, = () and no N;(p) defined.

2.2 Convolution
We define
p p p
M(p) = Conv,, : Crxr=C
(x,y) — Convy(z,y)

and
P=N , Ny(p)=DFT, , Ni(p)=DFT, , Nu(p) = DFT;1 , X, ={n}



Rule 2.3 (Convolution via DFT). The convolution breakdown rule is given by

conv” : with ne P, x € X,

{Convn — (C" x C" = C")
X

M — Fpo(No(x), N1(x), Na(x))

with
Fa(No(0) Ni(x), Na(x)) = DFT; ! o (DFT, 0 G2V ) - (DFT, 0 G977 ) ).

3 ATLAS Matrix-Matrix-Multiply

Throughout this section we follow [2].

3.1 Nonterminals and Breakdown Rules

We use
74 = (CAB)=A
g = 7T(C',A,B)%B
1o = w(CAB)=C

throughout this section.

Notation 3.1 (Reshaping). Reshaping can be used to define nonterminals for matrix operations.

CmoXmiX..mp—1 _y (M0XN1 X Np—1

r—1 s—1
moXmj X...Myp.1—No XN X...Ng-1 . — )
[] N [a]moXmlX...mr,1—>ng><n1><...ns,1 Wlth H m; = H 2
=0 =0

a —

For instance, to interpret a data vector a € C™" as a matrix A € C™*" stored in row-major order we write

A — [a]mn—wnxn .

Definition 13 (Matrix-Matrix-Multiply Nonterminal). We define the matrix-matrix-multiply nonterminal
C+ = AB by

N'M’ NK KM N'M’
X
NMK C C x C —C
MMM

Mt NxM—NM
NN/ ggM—M (C,A,B) > C +S;, [[A]NK—>N><K [B]KM—>K><M:|

p=(N,M,K), N<N', M <M, and the parameter space P;, C N>
Rule 3.1 (Base Rule). The MMM base rule is

flaN’

. MMM gt N ((CN’M’ « Cl x Cl — (CN’M’)

ase :
M+ o + (Sf®g o(ma - 7TB))

Rule 3.2 (Tiling Rule). We define

M(N, M, K) = MMM ;MK , and N(Ng, Mg, Kp) = MMMY5 M5 K5
( ) FNoN @gM—M ( B B B) (f®9)0((i)N/NB®1NB®(J')M/MB®1MB)

and
PfN—>N’7gM—>M’ = {71 S N3 | ng < N’,nl < M/}

We define the set of all valid tilings (blockings)
XN,JVI,K = {(NB,MB,KB) | N = TLNB,M = mMB,K = kKB}

All loop orders are given by

r— {(w(i),w(j),w(k)) B 53}



and we define the ranges of 7, j, and k,
{Zajak}_){N/NBvM/MBaK/KB}
p: N/Np ifx=i
T M/Mp ife=j
K/Kp ife=k

Then tiling is given by

N,M,K ‘M , "M N,M,K)eP
v MMM s = (CVM x CNE o CRM —, N _ ( ) € Prq
tile)) with  x € Xy m K

M = Fno gy (N(X)) vyel

and
p(v0)=1p(v1)—1p(y2)—1
Fnn g x (N(x)) = 7mc o H H H MijroGijk, Ta, TB)
0=0 7=0 2=

and

M = MMMNB’MB’KB 4
(f®5)0<(1)N/NB®lNB®(J)M/MB®1MB)

Gi’j’k = (WC’ G(i)N/NB®ZNB®(k)K/KB®1KB OTTA; G(k)K/KB‘g”KB®(j)M/MB®ZMB OWB) ’

3.2 Expressing ATLAS in >-SPL
Example 3.1 (Naive MMM Implementation). We now obtain the naive implementation of
ONXM+ _ ANXKBKX]\/[

using rule (3.1) and (3.2). We start with the nonterminal

1N @M

MMMN-ME
~—_——
inplace (C,A,B)—C
and break down using rule (3.2) with
leading to

N-1M-1K-1

N,M,K 1,1,1
MM s reo | TT T TT (MMM 0 (7es Gy s, omas Gy sy, ©T8) » 7a. 75)

i=0 j=0 k=0
inplace (C,A,B)—C

inplace (C,A,B)—C
Now we further break down using rule (3.1) expanding

1,1,1
MMM " o), = 7O+ S0 y0(),, ©(Ta - 75)

leading to
—-1M-1K-1
N,M,K
w2t neo (T1 T T1 €
—_— i=0 j=0 k=0
inplace (C,A,B)—C
inplace (C,A,B)—C

with

Ciin = (70 +S(wya),, ©(7a - 78)) © (7es Gy, 045 Gityes()y, OTB)s Tas 78).



Using rewrite rule (1.1) we now rewrite C; ; 5 into

Cijk = (”C o (mes Gy yoth, °Tar Gy o), °8) +
S0y 5iy © (T4 75) © (1, Ciy iy, s Gty ey, O5)s Ty 75 )
and further
Cijk = (”C o (mes Gliyyom) T4 Q) 00),, ©TB) +

+80) @)y O ((Ta 0 (1e, Gay a), °Tas Gy (i), OTB)) -
(750 (Tcy Gy o) ©T4s G @)y ©7B))):

TA, ﬂ'B).

Applying rule (1.2) leads to

Cigie = (”C +800)ve0)y °(Giyemw, °™a) - (G caw),, °T8)), Ta; ”B)‘
The final expression

N-1M-1K-1

N,M,K
MMM, ves, = mce | [T IT I1 (”C + 800 @01y (G yam, ™) - (G cai),, °T8)), Ta, WB)

i=0 j=0 k=0
inplace (C,A,B)—C

inplace (C,A,B)—C

is the X-SPL equivalent to
forie[0:1: N —1]
forjef0:1:M—1]
forkel0:1: K —1]
Cij = Cij + AixBy;.

Example 3.2 (Tiling in ATLAS). We now obtain the two-level ATLAS tiling (L1 and register tiling)

implementation of
ONXM_ _ ANXK pKxM

using rule (3.1) and (3.2).
L1 tiling. We start with the nonterminal

1N ®@tm

MMM M N | NV K, M; My | N/Ng; Ny | M/Ng; Ky | K/Ng
—_———
inplace (C,A,B)—C
and break down using rule (3.2) with

X = (NB,Np,Np) and ~=(j,i,k)

leading to
N/Np—1M/Ng—1K/Ng—1
MMMN’M’K - o (M oG )
IN Qs TC i3,k i,5,ky TA, TB
R =0 i=0 k=0
inplace (C,A,B)—C
inplace (C,A,B)—C

with

Np,Np,N
Mi,j,k = MMM, BB B

(i)N/NB XnNpg ®(j)M/NB RNg

Gijk = <7rc, G(i)N/NB®zNB®(k)K/NB®1NB oTA, G(k)K/NB®1NB®(j)M/NB®1NB O7TB) .



Register blocking. Next we break down

Ng,Np,Np
MMM( )N/NB®ZNB®(j)NI/NB®ZNB
using rule (3.2) with

x = (My, Ny, Ky) and v =(j,i,k)

leading to
Ng/Ny—1Ng/My—1Ng/Ky—1
! !
Mi,j’k — TC © H H H ( i.9.k,i" 5 k' e} Gi/,j’,k/7 TA, 7TB)
k/_
with
My Ny, K
M . = MMM V"YU ) )
4,4,k 7k O nynp @) N g a1y, @01y @)t /n g ®U v g /vy, @0V
!
G hatk T (WC7 G(i/)NB/MU®“”U®(k/)NB/KU(X”’KU oA Gr(k/)NB/KU®1KU®U Ing /Ny @y WB)

Unrolling. Next we break down

My,Ny,K
MMM, Ve 20 ) _
7')N/NB ®(Z/)NB/JVIU®7‘MU®(J)JW/NB®(J,)NB/NU RNy

using rule (3.2) with

= (1,1,1) and ~ = (ki)

leading to
Ky—1Ny—1My—1
M,]k’L 7'k — TC o H H H ,jk’L,J’ ki 50 k' OG;l”,j”,k’” TA, 7TB)
k//fo j//_o ,L//_
with
1,1,1
Mi/:j,k,i/,j/7k./,i//,j//7k.// - MMM

(Z)N/NB®(i/)NB/MU®(i//)MU®(j)M/NB®(j/)NB/NU®(j”)
(Tf’c, G(i//)MU®(k“)KU oTrA, G(k//)KU®(j”)NU O7TB).

Base case. Now we further break down using rule (3.1) expanding

1
s1oa1r 1"
i,5" k

M} kir o o i oo e — e+ Sy, kil 3R G o(ma - 7p)
with
Jig kit 37 K 7 G0 K = (i)N/NB ® (i/)NB/]VIU & (i//)MU ® (j)]L[/NB ® (‘j/)NB/NU ® (j//)NU
Backsubstitution 1. Substituting the register blocking into the L1 blocking produces the expression

N
7_17_1L_ 1MU Tg_
m o H 11 H me o H II 11 ki o Ciyae mas 7o) | 0 i ma,
=0 i'=0 k’=0

inplace (C,A,B)—C
Applying rewriting rule (1.3) leads to

N
—71 —71—71 ﬁfl -l xE-1

mc o H H H oo H H H (M,ﬂm;'k'oG,y it K 7TA,7TB>

N , TA, TTB
i=0 k=0 j’'=0 =0 Kk'=0

inplace (C,A,B)—C



with
Gijkitj' k= (Wc’ G(i')NB/MU®WIU®(k')NB/KU®’KU oA G(k/)NB/KU®zKU®(j/)NB/NU®1NU 7rB) °

(ﬂ-c’ G(i)N/NB®7’NB®(k)K/NB®7’NB O7TA, G(k)K/NB®ZNB®(-j)NI/NB®ZNB OTI'B)

Applying rule (1.4) leads to the expression

N M
—71—71—71 1MU -1 3B

o 11 11 11 Il H( i Gt a7
7=0 1=0 k=0 j'=0 =0

inplace (C,A,B)—C

Applying rules (1.1) and (1.2) simplify Gi,j,k,i/,j’,k/ further:

Gijhir gk = (Wc,

G(i)N/NB ®(i/)NB/A1U ®ray ®(k)K/NB ®(k/)NB/KU Qrky, OTA;

G(k)K/NB O ) w1y @15y @) atyn g ®U ) g vy Oy O”B>

Backsubstitution 2. Substituting unrolling and applying the same rewriting rules leads to

N

o

B_lNB 1
Ky—1Ny—1My—1

My
H IT II H( Lkt gt i e © Gl it k7 o e TAS 7TB)
/=0

—0 k"= 0]// 0 /=0

1M 1L_

N M
Np Np Np

TC © I | | | | I
j=0 =0

H35

(e}

k=

inplace (C,A,B)—C

with
é i,5,k,i 50 K G kY = (77'0’ Gg om4, Gh Oﬂ-B)
g = (i)N/NB ® (i/)NB/MU ® (i/I)JWU ® (k)K/NB ® (k/)NB/KU ® (k//)K
ho= (B kv @ K ) ng e @ K gy @ D aryng @ 0 g ve @ G -

Final expression. Substituting the base case and applying the same rules as in the naive example leads to

the final expression,

771%,1L, Ng 1N _1NB_4
My Ky—1Ny—1My—1

7o o ];[ 11) 1;[ H H H [T IT II (7c+S5o((Gyoma) - (Gyomn)). ma. 75)

=0 k"=0 j=0 i"=0

inplace (C,A,B)—C

with
o= Oy @ O g sare @ ) arg @ O agpvg © 0w ve @ Gy
- (Z)N/NB ® (i/)NB/AIU ® (i/l)MU ® (k)K/NB (k/)NB/KU (k”)KU
(]/)NB/NU ® (" )NU .

h = (k)K/NB ® (k/)NB/KU ® (k//)KU ® (j)]\/[/NB



This is the ©-SPL equivalent to ATLAS as explained in [2]:

forje[l: Ng: M]
fori€[l: Ng: N]
for ke [l: Np: K]

forj'€lj: Ny:j+ Np—1]

fori’e[i:MU:i—i—NB—l]

fork’e[j:KU:k:—i—NB—l]
for k" e[k :1: K + Ky — 1]
forj"€[j :1:5 4+ Ny —1]
fori’ e€[i':1:¢+ My —1]

Ci//_’j// = Ci//,j// +A1'HkNBkuju

References

[1] F. Franchetti, Y. Voronenko, and M. Piischel. Loop merging for signal transforms. In Proc. Programming
Language Design and Implementation (PLDI), pages 315-326, 2005.

[2] Kamen Yotov, Xiaoming Li, Gang Ren, Maria Garzaran, David Padua, Keshav Pingali, and Paul
Stodghill. A comparison of empirical and model-driven optimization. Proceedings of the IEEE, 93(2),
2005. Special issue on “Program Generation, Optimization, and Adaptation”.

10



